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Abstract
We extend and explore the general non-relativistic effective theory of dark matter (DM) direct
detection. We describe the basic non-relativistic building blocks of operators and discuss their sym-
metry properties, writing down all Galilean-invariant operators up to quadratic order in momentum
transfer arising from exchange of particles of spin 1 or less. Any DM particle theory can be trans-
lated into the coefficients of an effective operator and any effective operator can be simply related
to most general description of the nuclear response. We find several operators which lead to novel
nuclear responses. These responses differ significantly from the standard minimal WIMP cases in
their relative coupling strengths to various elements, changing how the results from different exper-
iments should be compared against each other. Response functions are evaluated for common DM
targets - F, Na, Ge, I, and Xe - using standard shell model techniques. We point out that each of the
nuclear responses is familiar from past studies of semi-leptonic electroweak interactions, and thus
potentially testable in weak interaction studies. We provide tables of the full set of required matrix
elements at finite momentum transfer for a range of common elements, making a careful and fully
model-independent analysis possible. Finally, we discuss embedding non-relativistic effective theory
operators into UV models of dark matter.
1 Introduction and Summary of the Effective Theory
The nature of dark matter is a fascinating mystery that continues to be unsolved. Direct
detection experiments offer the possibility of determining the precise interactions of a dark
matter (DM) particle with nuclei. The experiments use different targets, potentially testing
various types of interactions between the dark matter particle and the nucleus. Previously,
there have been attempts to exploit these differences between targets, in order to reconcile
potential signals seen at some experiments [1, 2] with the absence of a signal at others.
However, studies are typically performed in a model-driven way, with the goal of putting
constraints on a specific particle model. Recently, [3] took a different approach, by considering
the leading non-relativistic operators coupling DM to nuclei, and placing bounds on their
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coefficients. This was done in the context of elastic scattering. In this paper we would
like to extend this approach by going beyond the leading operators to include the full set of
possible operators in the non-relativistic theory, including momentum- and velocity-dependent
operators as well. The goal of this study is to identify all possible elastic DM-nucleus response
functions that may be exploited by experimentalists to characterize DM, and to relate these
responses to the underlying effective theory operators that mediate the DM-ordinary matter
interaction.
Models with momentum-dependent interactions have received some attention lately, as
they have helped lessen the tension between apparently conflicting direct detection experi-
ments [4, 5, 6, 7, 8]. However, from a bottom-up point of view, their appeal is much more
general. At the present moment, almost nothing is known about the non-gravitational inter-
actions of dark matter with the Standard Model, and in general, assumptions about couplings
are driven almost totally by appeals to minimalism or specific models of the electroweak scale.
Such principles are not necessarily a good guide as to what we should expect for the nature
of dark matter, and if the dark matter is instead as complicated as the Standard Model itself,
then we may expect much richer possibilities for its structure and interactions. In particular,
if the dark matter is composite, like most of the visible matter in the universe is, then one
should expect dark matter form factors related to their compositeness scale. From this per-
spective, momentum-dependent interactions are a compelling and well-motivated possibility,
since they require only a small amount of structure in the dark matter sector. The usual argu-
ment against such dependence is that it will be suppressed, since any momentum-dependent
terms will necessarily vanish in the limit of zero momentum transfer at direct detection ex-
periments. This however neglects the possibility that the leading, momentum-independent
interactions can easily be suppressed or forced to vanish, leaving the momentum-dependent
interactions as the dominant ones.
As a simple example of this kind of model, imagine that we have a gauge boson A′µ that
mixes kinetically with the photon Lkin = FµνF ′µν [9, 10, 11, 12]. Now, take the dark matter
χ to be Majorana, so that a charge interaction with A′µ is forbidden, whereas the anapole
operator χ¯γµγ5χig′A′µ is not, and can be generated when the A
′
µ gauge symmetry is broken
[13]. In such a case, the four-fermion operator that is generated by integrating out A′µ is
the interaction eg′χ¯γµγ5χN¯γµN/m2A. In the non-relativistic limit and at zero momentum
transfer, this is equivalent to
eg′
mNm2A
(χ¯~Sχχ) · (N¯↔∂N), (1)
which manifestly is suppressed by powers of momenta. Another, perhaps even more mundane,
example is for the dark matter to be a Dirac fermion that is a neutral composite particle made
up of constituents charged under the A′µ gauge force. The charged constituents will cause χ to
have a magnetic dipole moment of order their charge Q′ times the radius r of the bound object,
i.e. LDM ∼ g′Q′rχ¯σµνχF ′µν . Integrating out the A′µ again generates a four-fermion operator
with momentum-dependence, eg′Q′rχ¯σµνqνχN¯γµN/m2A. This can be seen to vanish in the
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limit of zero momentum, which occurs physically because at long wavelengths the interaction
averages over the charge of the constituents and sees only a neutral object. Some of the
earliest considerations of such scenarios are [14, 15].
Rather than inventing all such possible models one by one, it is more efficient to pass
directly to an effective field theory description. Generally, such a description is the most
natural and efficient tool to perform bottom-up, model-independent analyses. In this case,
the appropriate effective field theory for direct detection experiments involves a set of four-
fermion operators for the interactions of dark matter with a nucleon in the nucleus in the
non-relativistic limit. The full set of such operators, being higher-order in the momentum,
have also not been considered previously. Interestingly, as we will see, some of these opera-
tors lead to novel nuclear responses, and therefore new form-factors are needed to describe
DM interactions with the nucleus. In particular, direct detection should include not just
spin-independent (SI) and spin-dependent (SD) interactions, but also angular-momentum de-
pendent (LD), as well as spin and angular-momentum dependent (LSD) interactions. Under
this new framework, the various elements used for direct detection, couple with different
strengths, depending on their nuclear properties. It therefore becomes important to check
whether current direct detection experiments have a “blind spot” when combined. Namely,
whether there are any operators (or combinations of operators), which render dark matter
less visible to the currently available targets [16].
Before describing the possible nuclear responses, let us first provide a quick summary of
the non-relativistic effective theory of nucleon-DM interactions. Since we are interested in
elastic scattering direct detection, all effective operators will be four-field operators, of the
form
Lint = χOχχNONN. (2)
The generalization to “inelastic dark matter” would involve allowing χ1Oχχ2, with χ1 and
χ2 having different masses; such a generalization should be straightforward to include, but
we will not consider it further here. Passing to momentum space, we will take the incoming
(outgoing) momentum of χ to be p (p′) and of N to be k (k′). The form of possible interactions
is constrained by several symmetries. In particular Galilean invariance imposes that the
only combinations of momentum that may appear are those made from the two invariants
momentum transfer ~q = p′ − p and relative incoming velocity ~v = ~vχ,in − ~vN,in. Interactions
can contain the nucleon spin ~SN and, if the dark matter carries intrinsic spin (for instance,
if it is a fermion), then ~Sχ as well. Because the interaction must be Hermitian, it is useful to
work with Hermitian quantities, the complete set of which is
i~q, ~v⊥ ≡ ~v + ~q
2µN
, ~Sχ, ~SN , (3)
where the notation ~v⊥ is introduced because, by energy conservation, ~v⊥ · ~q = 0.
We will work up to second-order in the momentum exchanged between the dark matter
particle and the nucleus. Also, we will limit ourselves to operators which arise due to exchange
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of particles of spin one or less (i.e. at most quadratic in either ~S or ~v). In any Lorentz-invariant
local quantum field theory, CP-violation is equivalent to T-violation, so let us first consider
operators that respect time reversal symmetry. These operators are
1, ~Sχ · ~SN , v2, i(~Sχ × ~q) · ~v, i~v · (~SN × ~q), (~Sχ · ~q)(~SN · ~q) (4)
~v⊥ · ~Sχ, ~v⊥ · ~SN , i~Sχ · (~SN × ~q).
The operators in the first line of eq. (4) are parity conserving, while those of the second line
are parity violating. In addition, there are T-violating operators:
i~SN · ~q, i~Sχ · ~q, (5)
(i~SN · ~q)(~v⊥ · ~Sχ), (i~Sχ · ~q)(~v⊥ · ~SN).
In order to determine the interaction of DM particles with the nucleus, the above oper-
ators need to be inserted between nuclear states. Experimentally, the relevant question is
thus what sort of nuclear responses these operators illicit when DM couples to the nucleus.
We find that there are six basic responses corresponding to single-nucleon operators labeled
MJ ;p,n, Σ
′
J ;p,n, Σ
′′
J ;p,n, ∆J ;p,n, Φ˜
′
J ;pn, Φ
′′
J ;p,n in our discussion of section 3. Five of these re-
sponses (MJ ;p,n, Σ
′
J ;p,n, Σ
′′
J ;p,n, ∆J ;p,n, Φ
′′
J ;p,n) arise in CP conserving interactions (due to the
exchange of spin one or less), and we therefore primarily focus on this smaller set. Although a
certain CP-violating interaction can be viable (see section 6), finding a UV-model which will
result in the response Φ˜′J ;pn seems more challenging. In this paper we provide form factors in
detail for some commonly used elements, however, it is useful to have a heuristic description
for the responses. M is the standard spin-independent response. Σ′, Σ′′ are the transverse
and longitudinal (with respect to the momentum transfer) components of the nucleon spin
(either p or n). They favor elements with unpaired nucleons. A certain linear combination
of them is the usual spin-dependent coupling. ∆ at zero-momentum transfer measures the
net angular-momentum of a nucleon (either p or n). This response can be an important
contribution to the coupling of DM to elements with unpaired nucleons, occupying an orbital
shell with non-zero angular momentum. Finally, Φ′′, at zero-momentum transfer is related to
(~L · ~S)n,p. It favors elements with large, not fully occupied, spin-partner angular-momentum
orbitals (i.e. when orbitals j = ` ± 1
2
are not fully occupied). As all these responses view
nuclei differently, a completely model independent treatment of the experiments requires data
to be considered for each response separately (up to interference effects).
Our paper is organized as follows. In section 2, we describe in detail the effective field
theory, emphasizing the non-relativistic building blocks of operators and their symmetry
properties, and demonstrate that the operators in (4,5) describe the most general low-energy
theory given our assumptions. In section 3, we discuss the relevant nuclear physics, and in
particular we thoroughly analyze the possible nuclear response function in a partial wave
basis, which is the standard formalism for such physics. In section 4, we give an overview of
the various new nuclear responses, with an emphasis on their relative strength at different
elements. In section 5, we summarize these results in a format that can be easily read off and
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used in analyses of constraints from direct detection experiments. In particular, section 5 and
appendix A contain the approximate necessary nuclear matrix elements and form factors at
the most experimentally relevant elements. In section 6, we discuss possible models leading
to operators which have not been considered previously. We conclude in section 7.
2 Non-relativistic Effective Theory
2.1 Preliminaries
Consider the following non-standard dark matter example [4]. Let dark matter be a complex
scalar particle φ that is a bound state of two fermions ψ¯1ψ2, and with compositeness scale
Λ. To couple this to the Standard Model, introduce a new U(1) gauge boson A′µ of mass
mA that kinetically mixes with the photon, L ⊃ F ′µνF µν . If the fermions have equal and
opposite charge under the A′µ gauge field, then φ will be neutral. However, it will interact
with A′µ through the lowest-dimensional interaction that is not forbidden, which in this case
is a charge radius coupling: g′∂µφ∂νφ∗F ′µν/Λ
2. Integrating out the A′µ generates, at leading
order in momenta, the following interaction:
g′e
m2AΛ
2
p[µp
′
ν]q
µφ∗φN¯γνN, (6)
where in this case the nucleon N is the proton, and the brackets [µν] indicate the anti-
symmetric component. In the limit of small momentum transfer q, the ν = 0, µ = 1, 2, 3
terms dominate, and one is left with the interaction
C
(
q2
Λ2
)(
φ+φ−N+N−
)
, C =
g′emφmN
m2A
. (7)
Here, N±, φ± are non-relativistic fields involving only creation or annihilation fields, i.e.
N−(y) ≡
∫
d3k
(2pi)3
1√
2mN
e−ik·ya†k, N
+(y) ≡ (N−(y))†, (8)
This example illustrates a few points that will be useful to keep in mind when we turn to a
systematic description of the full effective field theory. First of all, the leading interaction in
this case is momentum-dependent, the leading standard interactions having been eliminated
by charge assignments. Second, it is just the first term in an expansion in powers of q over
the compositeness scale Λ. In order for this expansion to make sense, q must be less than Λ
over the range of momentum transfers relevant at direct detection experiments.
The minimum possible cut-off ΛUV on the effective theory is dictated by the relevant
experiments, and must be at least as large as the experimentally probed region of momentum
transfer ~q between dark matter and atomic nuclei. Direct detection experiments directly
measure the recoil energy ER of atomic nuclei, and for a target nucleus of mass mT this
corresponds to a specific momentum transfer q =
√
2mTER. Consequently, the momentum
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transfer of any event is known up to any uncertainty in the recoil energy and possibly the
identity of the atomic element. In general, then, every experiment has a maximum momentum
transfer that it is sensitive to. This follows from the fact that larger momentum transfers
require the dark matter to be incident with greater velocity, at least vmin = q/2µT . The
velocity distribution of the dark matter halo is expected to fall off exponentially at around
v ∼ 10−3, and essentially shut off completely at the escape velocity vesc ∼ 2 × 10−3. Since
the reduced mass µT is always less than the target mass mT , and typical target masses are
mT ∼ 100 GeV, momentum transfers will rarely if ever be larger than
qmax ∼ 200MeV. (9)
So, in order for the effective theory to be a reliable description of direct detection experiments,
one should have ΛUV & few ·qmax. Larger cut-offs are of course allowed, though they will have
correspondingly smaller cross-sections for dark matter scattering with nuclei.
2.2 The Effective Theory
We will now explore the effective theory in more detail, describing the essential ingredients
and the full set of possible non-relativistic interactions. The kinetic action is just the usual,
non-relativistic form:
Lkin = 2mφφ+(y)
(
i
∂
∂t
−
~∇2
2mφ
)
φ−(y). (10)
By momentum-conservation, the momentum transfer q is both
q = p′ − p = k − k′. (11)
There are several important symmetries that restrict the possible form of interactions. The
first of these is Galilean invariance, which is just a constant shift in all velocities. Thus, all
momenta must appear through Galilean invariant combinations. Between p, k and q, there
are therefore only two independent momenta that can arise in any interaction. It is easy to
see that the momentum transfer ~q is Galilean invariant, as is the relative incoming velocity
~v ≡ ~vχ,in − ~vN,in, (12)
which is just the velocity of the incoming dark matter particle in the nucleon rest frame. The
final kinematic constraint is energy conservation. This is easiest to impose by passing to the
center-of-mass system, where the total kinetic energy is E = 1
2
µNv
2
rel, with µN =
mNmχ
mN+mχ
the
dark-matter-nucleon reduced mass and vrel = vχ − vN . For the initial state energy, this is
just Ein =
1
2
µNv
2, whereas for the final state energy it is Eout =
1
2
µN(~v +
~q
µN
)2. Imposing
Ein = Eout is therefore equivalent to
~v · ~q = − q
2
2µN
. (13)
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The next major constraint is Hermiticity of the interaction. This is essentially equivalent to
crossing symmetry, because Hermitian conjugation exchanges incoming for outgoing particles,
i.e. (φ−)† = φ+. Consequently, the momentum transfer ~q is effectively anti-Hermitian, and it
will be more convenient to work with the Hermitian operator i~q. Under exchange of incoming
and outgoing particles, ~v does not have definite parity: ~v
†→ ~vχ,out−~vN,out = ~v+ ~qµN . However,
we can easily construct a similar quantity that is Hermitian:
~v⊥ ≡ ~v + ~q
2µN
. (14)
The reason for this notation is that, by the energy-conservation condition above, ~v⊥ · ~q = 0.
Finally, we must include the particle spins. In the relativistic limit, this is just the familiar fact
that four-fermion operators can contain γ matrices. In the non-relativistic limit, we can write
down the dark matter and nuclear spins ~Sχ and ~SN as operators directly. Different possibilities
for the spin of the dark matter are thus treated in a unified way. If dark matter is a spin-1/2
particle, then these spins operators are simply 1
2
~σ, where σi are Pauli sigma matrices, acting
on the χ and N spinors; for vector dark matter, they are spin-1 representations of the angular
momentum generators J i acting on the χ vector; and for scalars, they simply do not appear.
These are invariant under Hermitian conjugation, so we have for our complete set of Galilean,
Hermitian invariants the following:
i~q, ~v⊥, ~Sχ, ~SN . (15)
In addition to the above symmetries, there are strong constraints on violations of CP sym-
metry. Since ultimately our non-relativistic theory must be embedded in a Lorentz invariant
quantum field theory, this is equivalent to T symmetry. Spins behave like angular momen-
tum, and thus change sign under T. Also, velocities all change direction under T, so ~v⊥ and ~q
change sign as well. Finally, although we will not impose P as a symmetry, it will be helpful
to classify all operators according to whether they are even or odd under P. In this case, spins
do not change sign, whereas ~v⊥ and ~q do. Thus, the complete set of Galilean invariants has
the following transformation table:
† T P
~S +1 −1 +1
i~q +1 +1 −1
~v⊥ +1 −1 −1
Since we are interested in elastic scattering direct detection, all effective operators will be
four-field operators, of the form
Lint = χ+Oχχ−N+ONN− ≡ O χ+χ−N+N−. (16)
Furthermore, the momentum-transfer-squared q2 is a completely invariant scalar quantity
that depends only on dark matter kinematic quantities, and thus if O is an operator allowed
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by all symmetries of the theory, then q2nO is as well. It is therefore natural to classify all
such operators as a single one with a q2-dependent coefficient, or form factor:
c0O + c2q2O + c4q4O + . . . ≡ FO
(
q2
Λ2
)
O. (17)
Massless mediators can be incorporated by including a FO ∼ q−2 term, though strictly speak-
ing this is not an effective operator. A related point is that at the upper range of momentum
at experiments, the pion should be included in the effective theory and χ-χ-pi couplings al-
lowed. For instance, if the underlying DM model contains couplings such as χ¯γµγ
5χJµ53 of
DM to the axial current Jµ53 = iq¯γ
µγ5τ3q, then the effective theory will couple χ’s to pions
due to the overlap of Jµ5 with pi. Such interactions would contribute to dark matter-nucleon
scattering through t-channel pion exchange at tree-level, effectively producing FO ∝ 1q2+m2pi
form factors in χ-χ-N -N interactions.
So far, we have mainly discussed momentum scales. In addition, there is an energy scale
associated with the scattering process, of size ωq ∼ q2/2mT . 200 keV. This is usually negli-
gible, as the binding energy ω of nucleons is about 10 MeV per nucleon for most elements, and
inelastic transitions are kinematically suppressed. However, for nuclei with small splittings
∼ ωq between the ground state and an excited state, it could affect direct detection rates.
We are now ready to present the possible non-relativistic interactions. The general La-
grangian is
Lint =
∑
N=n,p
∑
i
c
(N)
i Oiχ+χ−N+N−, (18)
with the following set of operators. Of the T-even operators, we have
1. P-even, Sχ-independent
O1 = 1, O2 = (v⊥)2, O3 = i~SN · (~q × ~v⊥), (19)
2. P-even, Sχ-dependent
O4 = ~Sχ · ~SN , O5 = i~Sχ · (~q × ~v⊥), O6 = (~Sχ · ~q)(~SN · ~q), (20)
3. P-odd, Sχ-independent
O7 = ~SN · ~v⊥, (21)
4. P-odd, Sχ-dependent
O8 = ~Sχ · ~v⊥, O9 = i~Sχ · (~SN × ~q) (22)
8
In addition, we also have T-violating operators:
5. P-odd, Sχ-independent:
O10 = i~SN · ~q, (23)
6. P-odd, Sχ-dependent
O11 = i~Sχ · ~q. (24)
It is convenient to separate the operators as we have done above because each of these six
groups of operators will not interfere with each other. In addition, there are four operators
that are products of the ones above:
O10O5, O10O8, O11O3, and O11O7. (25)
With these, the above operators provide the most general effective theory at the dark matter-
nucleon level that can arise from exchange of a spin-0 or spin-1. In the completely general
effective theory for elastic scattering, one would relax this condition and include arbitrary
powers of ~v and ~Sχ, which would allow products of the operators we have written here and
one additional operator O12 = ~Sχ · (~SN ×~v⊥). For instance, O7O8 is a local operator that we
have not written down above. However, quadratic powers of ~SN and beyond (and ~Sχ as well, if
χ is spin-1/2) can always be reduced to at most linear powers by using the multiplication table
of sigma matrices. In appendix C, we present the non-relativistic reduction of all relativistic
operators arising from a spin-0 or spin-1 exchange (or more precisely, with at most a single-
index field exchange at tree-level) in terms of the local interactions above. The product
operators in eq. (25) are seen to arise from a spin-1 particle coupling to fermion bilinears of
the form N¯
↔
∂µγ5N , which, for model-building concerns to be discussed in section 6, we will
not focus on further. Nevertheless, it should be kept in mind that the general effective theory
possible without any such restrictions contains these operators.
In order to obtain the size of scattering cross-sections relevant to experiments, we need to
evaluate matrix elements of the nucleon-level operators from the effective theory inside of a
target nucleus. From the point of view of the effective field theory we have constructed, an
atomic nucleus is a heavy, many-body bound state of nucleons. For the purpose of computing
nucleon matrix elements inside such a nucleus, it is important to separate out ~v⊥ into a term
~v⊥T that acts on the coherent center-of-mass velocity of the atomic nucleus as a whole, and a
term ~v⊥N that acts only on the relative distances of the nucleons within the nucleus. We can
write
~v⊥ =
1
2
(~vχ,in + ~vχ,out − ~vN,in − ~vN,out) = ~v⊥T + ~v⊥N , (26)
where
~v⊥T =
1
2
(~vχ,in + ~vχ,out − ~vT,in − ~vT,out) = ~vT + ~q
2µT
(27)
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acts only on the center of mass motion of the nucleus (here, ~vT = ~vχ,in−~vT,in is the incoming
dark matter velocity in the lab frame). Also, ~v⊥N is just
~v⊥N = −
1
2
(~vN,in + ~vN,out), (28)
but where the ~vN ’s act only on the separation distance between the nucleons. The reason for
this separation is that ~v⊥T and ~v
⊥
N behave qualitatively differently, and have parametrically
different sizes. The former is determined by the kinematics of the dark-matter-nucleus scat-
tering process, and does not require any detailed knowledge of the internal structure of the
nucleus. Its approximate magnitude is given by
mTvT ∼ q. (29)
Indeed, for elastic scattering, by kinematics, vT must be strictly greater than
q
2mT
, and the
event rate tends to be suppressed by the halo distribution if vT is significantly greater. As
stated above, the typical size for vT is ∼ 10−3.
On the other hand, v⊥N depends on the internal distribution of nucleons in the nucleons
and thus is determined by
mN~v
⊥
N ∼ q. (30)
This will lead to a relative kinematic enhancement of mT/mN = A for ~v
⊥
N compared to ~v
⊥
T .
In many cases this is cancelled by the fact that ~v⊥T tends to sum coherently over nucleons
whereas ~v⊥N often does not, making the two terms comparable, but we will see some important
exceptions.
At low momentum-transfer, the internal structure of atomic nuclei can be summarized in
just a finite number of macroscopic quantities. In the case of the standard spin-independent
interaction O1 or spin-dependent interaction O4, these are the atomic number A and charge
Z or nucleon spin expectation values 〈Sn〉, 〈Sp〉, respectively. However, there are many more
possible macroscopic quantities that appear associated with our full table of interactions than
just these usual ones. Furthermore, at finite momentum-transfer, there are multiple possible
form factors associated with the nuclear responses that are required for calculating event
rates. Still, there are fewer independent nuclear responses than the full set of operators in the
effective theory, so that a small number of plots can roughly capture the full range of possible
models.
In order to obtain these nuclear responses, one needs detailed input from nuclear physics
on the wavefunctions of nucleons inside the nucleus. In the next section, we will therefore turn
to the standard framework for the results of these computations, and a thorough discussion
of possible nuclear responses. We will provide a mapping of the operators in the effective
theory onto the nuclear response functions.
In section 4, we will discuss how these nuclear responses favor different elements. The
reader whose immediate goal is to use the resulting form factors in order to compute specific
experimental event rates will find the relevant results summarized in section 5 and appendix
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A.3. A series of nuclear physics calculations of moderate complexity have been carried out in
order to illustrate the kinds of variations among nuclear target responses one should expect,
given the unknown nature of DM-nuclear interactions and the range of effective theory possi-
bilities. While we would characterize our nuclear structure calculations as reasonable – based
on the shell model, using realistic interactions that have been “vetted” in related electroweak
studies, and employing bases of reasonable size (ranging up to ∼ 0.7M Slater determinants,
after applications of symmetries) – we also hope our results will motivate others to train even
more sophisticated nuclear structure technology on this problem. For example, the relevant
isotopes of Ge span a region in neutron number where a sharp spherical-to-deformed transi-
tion occurs, accompanied by fascinating quantum-mechanical level-crossing phenomena and
associated sharp changes in proton and neutron spectroscopic factors. This paper will pro-
vide those specialists with tools necessary to tackle such problems an important additional
motivation for undertaking new work, its relevance to ongoing experiments that address one
of the most important open questions in particle astrophysics, the nature of DM.
3 The Nuclear Responses
The non-relativistic effective theory treatment of dark matter responses connects naturally to
the standard language of multipole expansions for nuclear electroweak responses that we sum-
marize here. Such expansions allow one to exploit nuclear selection rules based on rotational
invariance, parity and time reversal. We specialize here to the case of elastic dark matter
interactions, as the energy transfers in dark-matter scattering generally preclude inelastic
excitations. (However, the extension of the multipole formalism to inelastic dark matter in-
teractions is straightforward and will be presented elsewhere.) The good approximate parity
and CP of the nuclear ground state then impose important new selection rules on the possible
elastic operators, restricting the multi-polarities that contribute as well as their interference.
3.1 Nuclear Charges and Currents
The usual construction of coordinate-space nuclear charge and current densities in electroweak
interactions begins with a covariant interaction that is reduced to produce the needed non-
relativistic operators. The effective theory approach significantly simplifies this analysis, and
also provides important guidance to those who might want to follow a model-dependent
analysis based on some specified covariant interaction. Our starting point is the interaction
LEFT = a11 + a2~v⊥ · ~v⊥ + a3~SN · (~q × ~v⊥) + a4~Sχ · ~SN + ia5~Sχ · (~q × ~v⊥) + a6~Sχ · ~q~SN · ~q
+a7~SN · ~v⊥ + a8~Sχ · ~v⊥ + ia9~Sχ · (~SN × ~q) + ia10~SN · ~q + ia11~Sχ · ~q (31)
As we have discussed previously, the Hermitian velocity v⊥ can be divided into a target center-
of-mass piece ~v⊥T and components ~v
⊥
N associated with the relative velocities of target nucleons
(and thus with the A-1 Jacobi momenta). In combination with nuclear spins, these two
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velocities generate interactions that are separately invariant under Galilean transformations.
Before any models of nuclear charges and currents are introduced, Eq. (31) shows that from
the available nuclear degrees of freedom - nuclear spins and relative momenta ~v⊥N – one can
construct the nuclear “charges” 1, ~v⊥N ·~v⊥N , and ~SN ·~v⊥N that transform under parity and time-
reversal as even-even, even-even, and odd-even, and nuclear “currents” ~v⊥N , ~SN , and ~SN × ~v⊥N
that transform as odd-odd, even-odd, and odd-even. Given our assumption of a nuclear
ground state with good parity and CP, this leads us to conclude that there must be six
independent nuclear response functions corresponding to the even multipoles of a vector-like
charge operator MJM , the odd multipoles of axial longitudinal L
5
JM , axial transverse electric
T el5JM , and vector magnetic T
mag
JM operators, and the even multipoles of vector-like longitudinal
LJM and transverse electric T
el
JM operators. To go further – to provide explicit forms for these
multipole operators – we must make nuclear model assumptions. Our construction defines
the spins and momenta SN and v
⊥
N as the local operators associated with nucleons. This
one-body definition is the most common starting point for nuclear physics calculations.
We do an explicit example – the axial-charge operator O7 = ~SN · ~v⊥ – to demonstrate
the procedure for separating v⊥ into its v⊥T and v
⊥
N components and for constructing the
associated nuclear operators. First, in the elementary-particle point limit for a nucleus –
where the nucleus is characterized only by its macroscopic quantum numbers of charge, spin,
and isospin – we have
O7 = ~v
⊥·~SN −−−→
point
~v⊥T ·~SN = ~v⊥T ·
1
2
A∑
j=1
~σ(j) where ~v⊥T ≡
1
2
(~vχ,in + ~vχ,out − ~vT,in − ~vT,out) . (32)
(A factor of one-half is introduced in relating the nuclear spin ~SN to nucleon Pauli spin
operators.) The center-of-mass nuclear velocities ~vT,in and ~vT,out can be obtained by averaging
over the velocities of the nucleons,
~vT,in =
1
A
A∑
j=1
~vN,in(j) and ~vT,out =
1
A
A∑
j=1
~vN,out(j). (33)
The nuclear model-building assumption is that the underlying nuclear charge and current
operators are one-body and local, in this case the sum over the individual (symmetrized and
thus Hermitian) axial charge operators. This operator can be explicitly separated into its
center-of-mass (which contributes to ~v⊥T ) and intrinsic components (the ~v
⊥
N contribution)
A∑
j=1
~σ(j) · ~p(j)
2mN
=
1
2
~vT ·
A∑
j=1
~σ(j) +
1
2AmN
A∑
j>k=1
(~σ(j)− ~σ(k)) · (~p(j)− ~p(k))
≡ 1
2
~vT ·
A∑
j=1
~σ(j) +
[
A∑
j=1
~σ(j) · ~p(j)
2mN
]
intrinsic
(34)
The first (target recoil) term is already identified in Eq. (32) while the second provides an
explicit definition for the contribution associated with the A-1 relative Jacobi three-momenta
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and thus with ~v⊥N . While in principle the first, explicitly Galilean invariant form for the
intrinsic axial-charge operator – a two-body operator in relative coordinates – could be used
in calculations, in many cases the simpler one-body form can be employed provided the center-
of-mass motion of the nucleus is properly treated. Thus the interpretation of the intrinsic
subscript on the axial-charge operator above is an instruction that such steps should be
taken, if this form of the operator is employed. This is typically done by working in a
translationally-separable (e.g., full shell) harmonic oscillator Slater determinant basis, then
numerically forcing the center-of-mass to reside in the 1s state: the limitations of this approach
are discussed in the appendix.
An advantage of the effective theory treatment is that it immediately identifies the trans-
lationally invariant recoil axial charge contribution to dark matter scattering proportional to
~v⊥T . For elastic scattering, this is the only contribution of the axial-charge: matrix elements
of the intrinsic operator vanish for even multipoles by parity and for odd multipoles by time
reversal. This result would be more difficult to obtain in conventional treatments that begin
with a covariant interaction. Such calculations would need to extract the recoil term from
the axial-charge operator (in contrast to having it manifestly in the point-nucleus limit of the
effective operator), a task often requiring the combining of charge and current contributions.
For example, consider the example of a V-A four-fermion contact operator between dark mat-
ter and a nucleus, ψ¯χγµψχ ψ¯Nγ
µγ5ψN . Defining l
V
µ = ψ¯χγµψχ, the charge and three-current
contributions to scattering are
lV0 ·
A∑
j=1
σ(j) · ~pf (j) + ~pi(j)
2mN
→ ~vT,in + ~vT,out
2
·
A∑
i=1
~σ(i) +
[
A∑
j=1
σ(j) · ~pf (j) + ~pi(j)
2mN
]
intrinsic
−~lV · ψ¯N~γγ5ψN → −~vχ,in + ~vχ,out
2
·
A∑
i=1
~σ(i), (35)
where we have inserted the spin operator as the non-relativistic limit of the axial three-current
operator. Indeed we get the right answer: summing the two terms yields a contribution pro-
portional to ~v⊥T as well as the intrinsic operator. But in contrast to the effective theory
treatment –where the target contribution is immediate from the point-nucleus limit and ap-
pears as one term – a certain degree of care is needed to locate and regroup terms into Galilean
invariants.
We can now handle the general case of Eq. (31), first arranging the various terms as
follows
LET = l0 1 + lA0 [−2~v⊥N · ~SN ] +~l5 · [2~SN ] +~lM · [−~v⊥N ] +~lE · [2i ~v⊥N × ~SN ]
= l01 + l
A
0
(
~pi + ~pf
2mN
)
· ~σ +~l5 · ~σ +~lM ·
(
~pi + ~pf
2mN
)
+~lE ·
(
−i ~pi + ~pf
2mN
× ~σ
)
(36)
where the coefficients of the charge (l0), axial charge (l
A
0 ), axial vector (
~l5), vector magnetic
(~lM), and vector electric (~lE) densities, determined from Eq. (31), will be given below. This
expression follows Eq. (31) exactly apart from one simplification, the elimination of the
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term proportional to ~v⊥N · ~v⊥N within O2. This interaction transforms as a parity- and time-
reversal-even charge of o(v/c)2 ∼ 1%, and thus will be overwhelmed by the o(v/c)0 coherent
spin-independent response, if the latter is present. Furthermore, from a model-building point
of view, it is difficult to see how one could generate the former while avoiding the latter,
without significant fine-tuning.
The charge and current operators can be transformed to coordinate space via the substi-
tution
~pi + ~pf
2mN
→ 1
2mN
(
−1
i
←−∇δ(~x− ~xi) + δ(~x− ~xi)1
i
−→∇
)
(37)
Thus we determine the Hamiltonian density
HET (~x) =
A∑
i=1
l0(i) δ(~x− ~xi) +
A∑
i=1
lA0 (i)
1
2M
[
−1
i
←−∇ i · ~σ(i)δ(~x− ~xi) + δ(~x− ~xi)~σ(i) · 1
i
−→∇ i
]
+
A∑
i=1
~l5(i) · ~σ(i)δ(~x− ~xi) +
A∑
i=1
~lM(i) · 1
2M
[
−1
i
←−∇ iδ(~x− ~xi) + δ(~x− ~xi)1
i
−→∇ i
]
+
A∑
i=1
~lE(i) · 1
2M
[←−∇ i × ~σ(i)δ(~x− ~xi) + δ(~x− ~xi)~σ(i)×−→∇ i] (38)
where the dark-matter amplitudes l0(i) and ~l(i) appear within the sum over nucleons because
we will allow the various couplings in Eq. (31) to have a nontrivial isospin dependence, e.g.,
a1 → (a01 + a11τ3(i)) (so that a01 = a11 = a1/2 will correspond to a coupling only to protons of
strength a1 while a
0
1 = −a11 = a1/2 will correspond a similar coupling only to neutrons).
The Hamiltonian for Eq. (38) has the familiar form∫
d~x e−i~q·~x
[
l0〈JiMi|ρˆ(~x)|JiMi〉 −~l · 〈JiMi|~ˆj(~x)|JiMi〉
]
(39)
where ~q is the three-momentum transferred from the nucleus to the scattered DM particle.
One substitutes Eq. (38) into Eq. (39) and uses the spherical harmonic and vector spherical
harmonic identities
ei~q·~xi =
∞∑
J=0
√
4pi [J ] iJjJ(qxi)YJ0(Ωxi)
eˆλe
i~q·~xi =

∞∑
J=0
√
4pi [J ] iJ−1
~∇i
q
jJ(qxi)YJ0(Ωxi), λ = 0
∞∑
J≥1
√
2pi [J ] iJ−2
[
λjJ(qxi)~Y
λ
JJ1(Ωxi) +
~∇i
q
× jJ(qxi)~Y λJJ1(Ωxi)
]
, λ = ±1
(40)
to project out charge multipoles and longitudinal, transverse magnetic, and transverse electric
current multipoles, respectively. This defines the operators that generate the nuclear form
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factors describing the scattering of dark matter from nuclei. Here [J ] ≡ √2J + 1 and eˆλ, λ =
1, 0,−1, are spherical unit vectors defined with respect to a quantization z-axis along qˆ ≡ ~q/q.
As detailed in the appendix, the multipole operators transform simply under parity and
time reversal, allowing one to exploit selection rules to simplify the diagonal nuclear matrix
elements of interest, assuming CP- and parity-violating components in nuclear ground-state
wave functions are negligible. Consequently, averaging over initial nuclear spins and summing
over final, one finds the general form of the dark-matter elastic scattering probability:
1
2Ji + 1
∑
Mi,Mf
|〈JiMf | H |JiMi〉|2 = 4pi
2Ji + 1
[ ∞∑
J=1,3,,...
|〈Ji|| ~l5 · qˆ Σ′′J(q) ||Ji〉|2
+
∞∑
J=0,2,...
{
|〈Ji|| l0 MJ(q) ||Ji〉|2 + |〈Ji|| ~lE · qˆ q
mN
Φ′′(q) ||Ji〉|2
+ 2Re
[
〈Ji|| ~lE · qˆ q
mN
Φ′′(q) ||Ji〉〈Ji|| l0 MJ(q) ||Ji〉∗
]}
+
q2
2m2N
∞∑
J=2,4,...
(
〈Ji|| ~lE Φ˜′J(q) ||Ji〉 · 〈Ji|| ~lE Φ˜′J(q) ||Ji〉∗ − |〈Ji|| ~lE · qˆ Φ˜′J(q) ||Ji〉|2
)
+
∞∑
J=1,3,...
{ q2
2m2N
(
〈Ji|| ~lM ∆J(q) ||Ji〉 · 〈Ji|| ~lM ∆J(q) ||Ji〉∗ − |〈Ji|| ~lM · qˆ ∆J(q) ||Ji〉|2
)
+
1
2
(
〈Ji|| ~l5 Σ′J(q) ||Ji〉 · 〈Ji|| ~l5 Σ′J(q) ||Ji〉∗ − |〈Ji|| ~l5 · qˆ Σ′J(q) ||Ji〉|2
)
+ 2Re
[
iqˆ · 〈Ji|| ~lM q
mN
∆J(q) ||Ji〉 × 〈Ji|| ~l5 Σ′J(q) ||Ji〉∗
] } ]
(41)
All nuclear matrix elements are intrinsic: contributions proportional to v⊥T reside entirely in
the dark-matter amplitudes l0, ~l5, ~lE, and ~lM , by virtue of the Galilean invariant effective
theory. In Eq. (41) || denotes a nuclear matrix element reduced in angular momentum. The
expression is somewhat schematic in that
〈Ji|| l OJ(q) ||Ji〉 ≡ 〈Ji||
A∑
i=1
l(i) OJ(q~xi) ||Ji〉, (42)
The notation is a reminder that the dark matter amplitude in general cannot be moved out-
side the nuclear matrix element because that amplitude may contain several effective theory
couplings with different isospin dependences. (There are many cases where this expression
does factor, however, and we give the simpler form appropriate for those cases below.)
Equation (41) shows that there are six distinct nuclear response functions governing dark-
matter responses, corresponding to six single-particle operators. Each of these operators is
familiar from standard treatments of weak interactions [17, 18] or, in the case of Φ˜′ and Φ′′,
from extensions [19] that have been made to account for currents of order 1/m2N . They are
constructed from the Bessel spherical harmonics and vector spherical harmonics, MJM(q~x) ≡
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jJ(qx)YJM(Ωx) and ~M
M
JL ≡ jL(qx)~YJLM ,
MJM(q~x)
∆JM(q~x) ≡ ~MMJJ(q~x) ·
1
q
~∇
Σ′JM(q~x) ≡ −i
{
1
q
~∇× ~MMJJ(q~x)
}
· ~σ = [J ]−1
{
−
√
J ~MMJJ+1(q~x) +
√
J + 1 ~MMJJ−1(q~x)
}
· ~σ
Σ′′JM(q~x) ≡
{
1
q
~∇MJM(q~x)
}
· ~σ = [J ]−1
{√
J + 1 ~MMJJ+1(q~x) +
√
J ~MMJJ−1(q~x)
}
· ~σ
Φ˜′JM(q~x) ≡
(
1
q
~∇× ~MMJJ(q~x)
)
·
(
~σ × 1
q
~∇
)
+
1
2
~MMJJ(q~x) · ~σ
Φ′′JM(q~x) ≡ i
(
1
q
~∇MJM(q~x)
)
·
(
~σ × 1
q
~∇
)
(43)
The multipole operators have been defined to have a simple behavior under time reversal,
transforming with a ±1, as discussed in the appendix. Time reversal and parity impose im-
portant constraints on allowed responses: for reasons noted previously, there is no elastic
dark matter coupling to the intrinsic axial charge density (though the axial charge contri-
bution due to v⊥T remains and contributes through the spin density). Those responses that
do appear involve sums over either even or odd multipoles, again because of the parity/time
reversal constraints. The long-wavelength limits of these operators, showing explicitly the
character of the nuclear response (charge or current; transverse magnetic, transverse electric,
or longitudinal; vector-like or axial-vector like) are given in Table 1.
Table 1 includes the standard spin-independent response governed by even multipoles of
the (generalized in isospin) charge operator MJM , and two spin-dependent responses that,
though proportional in the long-wavelength limit, are characterized by different nuclear form
factors and couple to dark matter in distinct ways, with Σ′′JM being longitudinal and Σ
′
JM
transverse. The associated form factors involve sums over all allowed odd multipoles. There
is a third J = 1 response, a transverse magnetic response governed by odd multipoles of
∆JM . This and two other new responses are explicitly associated with nuclear substructure.
∆JM is generated by the convection current (the nucleon velocity term), which in the long-
wavelength limit produces a coupling to the nuclear orbital angular momentum operator
~`(i). This provides a third interaction – an interaction like the two spin-dependent ones –
that will transform under rotations as 〈Ji| ~JM |Ji〉. The two other responses arising from the
constituent nature of the nucleus transform as longitudinal and electric projections of the
density ∼ δ(~x − ~xi)~σ(i) × ~∇. The first of these is quite interesting as its long-wavelength
limit produces a scalar proportional to the spin-orbit interaction ~σ(i) · ~`(i) as well as a tensor
contribution. The full form factor involves a sum over all even multipoles of Φ′′J . Because of
the leading ~σ(i) · ~`(i) contribution, this response is present for all nuclei (that is, regardless of
ground-state spin, like the usual spin-independent charge coupling), but because of its form
factor (leading-order behavior is proportional to q/mN) and spin-orbit nature, its properties
are quite different from those of the usual spin-independent scalar operator M00. Φ
′′
00 can be
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Response ×
[
4pi
2Ji+1
]−1
Leading Long-wavelength Response
Multipole Limit Type
∞∑
J=0,2,...
|〈Ji||MJM ||Ji〉|2 M00(q~xi) 1√4pi1(i) MJM : Charge
∞∑
J=1,3,...
|〈Ji||Σ′′JM ||Ji〉|2 Σ′′1M(q~xi) 12√3piσ1M(i)
L5JM : Axial
Longitudinal
∞∑
J=1,3,...
|〈Ji||Σ′JM ||Ji〉|2 Σ′1M(q~xi) 1√6piσ1M(i)
T el5JM : Axial
Transverse Electric
∞∑
J=1,3,...
|〈Ji|| q
mN
∆JM ||Ji〉|2 qmN ∆1M(q~xi) −
q
2mN
√
6pi
`1M(i)
TmagJM :
Transverse Magnetic
∞∑
J=0,2,...
|〈Ji|| q
mN
Φ′′JM ||Ji〉|2 qmN Φ′′00(q~xi) −
q
3mN
√
4pi
~σ(i) · ~`(i) LJM :
Longitudinal
q
mN
Φ′′2M(q~xi) − qmN√30pi [xi ⊗ (~σ(i)×
1
i
~∇)1]2M
∞∑
J=2,4,...
|〈Ji|| q
mN
Φ˜′JM ||Ji〉|2 qmN Φ˜′2M(q~xi) −
q
mN
√
20pi
[xi ⊗ (~σ(i)× 1i ~∇)1]2M
T elJM :
Transverse Electric
Table 1: The response dark-matter nuclear response functions, their leading order behavior,
and the response type. The notation ⊗ denotes a spherical tensor product, while × is the
conventional cross product.
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important in heavy nuclei because ~σ(i) · ~`(i) produces a coherent isoscalar contribution over
closed spin-orbit partner shells, e.g., the closed 1f7/2 shell for Ge isotopes and the closed 1g9/2
shell for Xe or I. The operator Φ′′J transforms as the longitudinal projection of a vector current
(denoted LJM in Table 1). Just as in the case of the nuclear spin density, where two distinct
spin-dependent form factors are generated, corresponding to the axial-like longitudinal and
transverse electric nuclear responses (denoted L5J and T
el5
J in Table 1), the density responsible
for Φ′′J also generates a transverse-electric response (denoted T
el
JM) that consequently transform
as a J = 2 operator in the long-wavelength limit. From the specific form, [xi⊗(σ(i)× 1i∇)1]2M ,
one can see that this operator is closely related to Φ′′00 → σ(i) · ~`(i) and is in fact proportional
in the long-wavelength limit to its tensor partner Φ′′2M . Thus the relationship of Φ
′′
J to Φ˜
′
J –
LJ and T
el
J operators – is analogous to that of Σ
′′
J to Σ
′
J – L
5
J and T
el5
J operators – except that
the transverse nature of Φ˜′JM excludes the possibility of a J=0 multipole. We will see below
that Φ˜′JM is an exotic response, arising only for dark matter with unusual couplings.
The three composite operators arise from the fact that there are interesting current den-
sities in the nucleus that can mediate dark matter interactions, but fail to have the proper
parity and time-reversal properties to contribute in the point-nucleus limit. As momentum
transfers in dark matter interactions are not small compared to the inverse nuclear size, these
new responses can be numerically quite important. More important, we will see below that
in many cases, these new responses can provide the dominant coupling of dark matter to
nuclei, depending of the effective theory operator. The long-wavelength limits of these three
new responses are determined by operators that transform properly under parity and time
reversal because a factor of ~q · ~xi has been convolved with the underlying bare nuclear densi-
ties. Consequently these operators have a leading-order form-factor behavior proportional to
q/mN and an explicit dependence on ~xi, and thus on the nuclear size.
3.2 The Effective Theory Content
Thus we can proceed to the dark-matter physics, which is encoded in the amplitudes l0, ~l5,
~lM and ~lE that are determined by our effective theory through Eq. (31). We find
l0 = (a
0
1 + a
1
1τ3(i))− i(~q × ~Sχ) · ~v⊥T (a05 + a15τ3(i)) + ~Sχ · ~v⊥T (a08 + a18τ3(i))
+ i~q · ~Sχ (a011 + a111τ3(i))
~l5 =
1
2
[
i~q × ~v⊥T (a03 + a13τ3(i)) + ~Sχ (a04 + a14τ3(i)) + ~Sχ · ~q ~q (a06 + a16τ3(i))+
+ ~v⊥T (a
0
7 + a
1
7τ3(i)) + i~q × ~Sχ (a09 + a19τ3(i)) + i~q (a010 + a110τ3(i))
]
~lM = i~q × ~Sχ (a05 + a5τ3(i))− ~Sχ (a08 + a18)τ3(i)
~lE =
1
2
~q (a03 + a
1
3τ3(i)) (44)
We observe that there is no coupling to the T elJ nuclear density associated with the tensor
operator Φ˜′J=2. O3 generates a nonzero ~lE, but it is longitudinal. None of our eleven effective
theory operators generates a transverse component to ~lE. This point relates to our decision
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to limit the effective theory to interactions that could arise from spin-0 or spin-1 exchanges.
Indeed, we pointed out the existence of an additional operator linear in dark-matter and
nuclear spins
O12 = ~Sχ · (~SN × ~v⊥) (45)
that would need to be included if we were to relax conditions on the nature of the exchange.
With the inclusion of this term,
~lE → 1
2
[
~q (a03 + a
1
3τ3(i)) + i~Sχ(a
0
12 + a
1
12τ3(i))
]
(46)
leading to a contribution to the sixth potential nuclear response, the tensor one, governed by
Φ˜′. O12 would also produce a recoil contribution to the spin-dependent response functions.
Another example of a term that produces a contribution to Φ˜′ is the four-fermion tensor/axial
tensor interaction
Ltensor = ψ¯χσµν(aχT − iaχATγ5)ψχ ψ¯Nσµν(aNT − iaNATγ5)ψN (47)
Inspecting Eq. (44) one sees that there are several common situations in which our general
result for the scattering probability, Eq. (41), can be simplified by factoring the dark-matter
amplitudes from the nuclear matrix elements. If we are interested in any one interaction Oi,
then clearly its associated isospin dependence can be written ai(1+αiτ3). The overall strength
ai could be associated with the dark-matter amplitudes in Eq. (44), while the isospin factor
could be included in the definition of the single-particle operators of Eq. (43). Alternatively,
several couplings might be nonzero, but all might share a common behavior in isospin, e.g., all
interactions coupling to protons. The overall couplings could again be incorporated into Eq.
(44), with the isospin dependence (1 + τ3(i))/2 absorbed into the single particle operators. In
such cases the scattering probability simplifies, taking the form
−→ 4pi
2Ji + 1
[ ∞∑
J=1,3,,...
~l5 · qˆ ~l∗5 · qˆ |〈Ji|| Σ′′J(q) ||Ji〉|2
+
∞∑
J=0,2,...
{
l0 l0
∗ |〈Ji|| MJ(q) ||Ji〉|2 +~lE · qˆ ~l∗E · qˆ |〈Ji||
q
mN
Φ′′J(q) ||Ji〉|2
+ 2Re
[
~lE · qˆ l∗0 〈Ji||
q
mN
Φ′′J(q) ||Ji〉〈Ji|| MJ(q) ||Ji〉∗
]}
+
q2
2m2N
(
~lE ·~l∗E −~lE · qˆ ~l∗E · qˆ
) ∞∑
J=2,4,...
|〈Ji|| Φ˜′J(q) ||Ji〉|2
+
∞∑
J=1,3,...
{ q2
2m2N
(
~lM ·~l∗M −~lM · qˆ ~l∗M · qˆ
)
|〈Ji|| ∆J(q) ||Ji〉|2
+
1
2
(
~l5 ·~l∗5 −~l5 · qˆ ~l∗5 · qˆ
)
|〈Ji|| Σ′J(q) ||Ji〉|2
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+ 2Re
[
iqˆ ·
(
~lM ×~l∗5
)
〈Ji|| q
mN
∆J ||Ji〉〈Ji|| Σ′J(q) ||Ji〉∗
] } ]
(48)
As the multipole expansion is conventionally done in a coordinate system aligned along
~q, another useful result is the expression for the Hamiltonian in a rotationally invariant form,
in the long wavelength limit. One finds
Hˆ =
A∑
i=1
{
l0 1(i)− q
3M
~lE · qˆ ~σ(i) · ~`(i)−~l5 · ~σ(i)
−i q
2M
(~lM × qˆ) · ~`(i) + qM (~lE ⊗ qˆ)2 ·
[
~xi ⊗ [~σ(i)× 1i ~∇(i)]1
]
2
}
(49)
The third and fifth terms, proportional to~l5 and (~lE⊗qˆ)2, can each be divided into longitudinal
and transverse electric pieces, which would be associated with distinct nuclear form factors
once one goes beyond the long wavelength limit.
3.3 Response Function Evaluation
The various response functions described above were evaluated in the shell model for several
of the key isotopes now used in dark-matter detectors. Calculations were performed for 19F,
23Na, 70,72,73,74,76Ge, 127I, and 128,129,130,131,132,134,136Xe. Response functions were evaluated by
summing over the contributing isotopes, weighted according to their natural abundances.
(For F, Na, and I, there is a single stable isotope.) Consequently, while all isotopes take part
in scalar or spin-independent responses, only those with ground-state spins ≥1/2 (19F(1/2+),
23Na(3/2+), 73Ge(9/2+), 127I (5/2+), 129Xe(1/2+), and 131Xe(3/2+)) contribute to J = 1
(or spin-dependent) responses, and only those with spins ≥ 1 (23Na, 73Ge, 127I, and 131Xe)
contribute to the J = 2 tensor response. By defining the nuclear responses per target atom
for a detector made up of unenriched isotopes, we take into account the reduced efficiency of
detectors for J = 1 and J = 2 responses due to noncontributing isotopes. The Ge calculations
include the five stable isotopes, while the Xe calculations summed over the seven principal
isotopes, ignoring the trace (. 0.1%) contributions from 124,126Xe.
As our focus is a broad survey – to understand the degree to which targets can vary in the
relative sensitivity to dark matter, given the broad range of response functions that may gov-
ern that sensitivity – the structure calculations we undertook were limited to relatively small
bases, and thus should be considered exploratory. They were performed in m-scheme bases
on which we placed a limit of no more than 0.65 million Slater determinants (after application
of symmetries like time reversal to reduce basis dimensions). The sd-shell calculations for 19F
and 23Na are then unrestricted. The interaction used was that of Brown and Wildenthal [20].
The Ge isotopes were treated in the standard 1f5/22p1/22p3/21g9/2 model space above a
56Ni
core. The basis truncation was based on limiting occupation of the 1g9/2 shell to no more
than two nucleons above the minimum occupation for all isotopes. An interaction developed
by the Madrid/Strasbourg group was used [21, 22]. These Ge model spaces take into account
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some of the polarization effects that accompany the rather sharp spherical-to-deformed tran-
sition that occurs near neutron numbers 40-42 (72Ge, 74Ge), though we recognize the need for
further expansion of the basis in follow-up calculations. Some of the motivating physics for
more ambitious calculations – particularly the rather complex interactions among spherical
and deformed 0+ bands in the even isotopes – is discussed in [23].
The 127I and Xe isotopes were treated in the 3s1/22d3/22d5/21g7/21h11/2 model space above
a 100Sn core. The interaction used was one developed some time ago by Baldridge and Vary
[24] and employed in double beta decay studies in this mass region. The interaction is based
on a G-matrix from the Reid soft-core potential augmented by phenomenological pairing and
multipole forces. While the 134Xe and 136Xe calculations were unrestricted, significant trun-
cations became necessary for lighter Xe isotopes where the neutron occupation of the 1h11/2
shell drops. The bases for 128,130,132Xe and 127I were limited by fixing the 1h11/2 occupation
to the minimum allowed nucleon number. Basis for the odd-neutron isotopes 131Xe and 129Xe
were further restricted by limiting valence protons to the energetically favored 2d5/2 and 1g7/2
shells, and by requiring neutrons to fully occupying these same shells (a choice that preserves
good isospin). Less restrictive calculations can and should be done, but are beyond the scope
of the current survey.
From these wave functions the ground-state to ground-state one-body density matrices
can be generated
ΨJ ;Ti;i (|α|, |β|) =
1
[J ][T ]
〈Ji;Tf ......
[
a†|α| ⊗ a˜|β|
]
J ;T
...
... Ji;Ti〉 (50)
where a˜|β|,mj ,mt ≡ (−1)jβ−mj+1/2−mta|β|,−mj ,−mt , |α| denotes are nonmagnetic quantum num-
bers, ⊗ denotes a spherical tensor product, and ...... indicates reduction in both angular mo-
mentum and isospin. As we include all contributing multipoles, density matrices are needed
for 0 ≤ J ≤ 2Ji and for T = 0, 1. They provide the single-particle amplitudes needed for
evaluating many-body matrix elements of any one-body operator,
〈Ji;Ti ......
A∑
i=1
OˆJ(i)
...
... Ji;Ti〉 =
∑
|α|,|β|
ΨJ ;T=0i;i (|α|, |β|) 〈|α|
...
...OˆJ
...
... |β|〉
=
√
2
∑
|α|,|β|
ΨJ ;T=0i;i (|α|, |β|) 〈|α| ||OˆJ || |β|〉
〈Ji;Ti ......
A∑
i=1
OˆJ(i)τ(i)
...
... Ji;Ti〉 =
∑
|α|,|β|
ΨJ ;T=1i;i (|α|, |β|) 〈|α|
...
...OˆJτ
...
... |β|〉
=
√
6
∑
|α|,|β|
ΨJ ;T=1i,i (|α|, |β|) 〈|α| ||OˆJ || |β|〉
(51)
where 〈|α| ||OˆJ || |β|〉 is a single-particle space/spin matrix elements reduced in angular mo-
mentum. By adopting a harmonic oscillator single-particle basis, these matrix elements can be
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evaluated analytically, yielding forms ∼ e−yp(y) where p(y) is a polynomial in y = (qb/2)2, b is
the oscillator parameter and q the magnitude of the three-momentum transfer. Consequently
analytic expressions for nuclear form factors can be provided, so that response functions can
be easily evaluated for changing experimental conditions, such as different WIMP masses, or
for other choices of b. Our numerical results were generated with the choices b=1.833, 1.835,
2.108, 2.282, and 2.292 fm for 19F, 23Na, the Ge isotopes, 127I, and the Xe isotopes, respec-
tively. Harmonic oscillator matrix elements for four of the operators arising in dark-matter
elastic scattering, MJM(q~x), ∆JM(q~x), Σ
′
JM(q~x), and Σ
′′
JM(q~x) can be evaluated from a pub-
licly available Mathematica script [25] (as these operators also arise in standard treatments of
weak interactions). A generalization of this script that includes the two additional operators
Φ˜′JM(q~x) and Φ
′′
JM(q~x) is available from the authors.
4 Comparing the novel responses for different elements
of interest
The most important lesson that the general EFT of dark matter-nucleon elastic scattering has
to teach us is exactly what are all the phenomenological properties that distinguish nuclear
recoil rates at different experiments. Specific models or effective operators for dark matter
interactions will be proportional to some particular combination of these properties, which
can enhance or diminish the relative sensitivity of different experiments. Coupling through
atomic number A or charge Z in the standard spin-dependent case or through the proton
or neutron spin in the standard spin-dependent case are by far the best-known examples.
However, as we have seen in the previous section there are other possible nuclear responses.
In this section we would like to explore the less familiar responses, ∆ and Φ′′.
4.1 ∆p and ∆n
The ∆ responses in the zero momentum transfer limit simply measure the nucleon angular mo-
mentum content of the nucleus. Therefore, elements which have an unpaired nucleon (either
n or p), in a non s-shell orbital are favored. For the proton response, this includes 23Na and
127I. 19F, whose proton is approximately in the 2s1/2 orbital, is disfavored, however. Among
odd-neutron nuclei of interest, 73Ge and 131Xe exhibit the strongest response, with other iso-
topes less favored. In Fig. 1 at finite momentum transfer, q, we provide a comparison of the
strength of the response for various elements (integrated over a representative range of q, and
weighted by the natural abundances of isotopes). As explained in section 2, the ∆ response
receives a kinematic enhancement of A that is competitive with the coherent enhancement
factor associated with the center of mass of motion of the nucleus. Thus, the ∆ response
contribution to operators such O5 and O8 can be important, and can become dominant for
elements with unpaired nucleons in large angular-momentum orbitals. To illustrate this point
we have included in Fig. 2 a comparison of the ∆ response to the standard SI response, M ,
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as they occur for operator O8. Finally, we would also like to point out, in case spectral data
becomes available in future experiments, that as a function of recoil energy (or momentum
transfer), the ∆ responses has different behavior from either the more standard SI (M) or the
SD (Σ′, Σ′′) responses. This is shown in Fig. 3.
4.2 Φ′′p and Φ
′′
n
The Φ′′ responses at zero momentum transfer are sensitive to a product of the nucleon spin
and its angular momentum. The dominantly coherent part of this product, is the scalar inner
product (~L · ~S)N . For completely filled angular momentum orbitals, this dot product vanishes.
Namely, when all 2(` + 1) states of the spin-aligned (j = ` + 1
2
) subshell and all 2` states of
the spin-anti-aligned (j = `− 1
2
) subshell are occupied, this dot product vanishes. In general,
however, as the `± 1
2
orbitals have different energies and so the highest occupied orbital for
a given element will not be filled. Let n±(`) be the approximate occupation numbers of the
`± 1
2
orbitals. In terms of these, the dot product is proportional to (` + 1) n+(`)− ` n−(`).
Usually, the least energetic orbital will be filled first, and so one expects a mismatch between
n±(`) of order ` (the strong spin-orbit nuclear force in nuclei moves the spin-aligned orbit
lower in energy). Consequently, 〈(~L · ~S)〉 ∼ `2highest for most elements. The Φ′′ responses tend
to favor heavier elements, as these have larger ` orbitals not fully occupied. Much as in the
case of the delta responses, Φ′′ receives a kinematic enhancement of A, and can be important.
It is the dominant response for the operator O3. As we will see in section 6, models which
contain O3 can also typically contain q2mNO1. Due to the `2highest enhancement, for heavier
elements, the Φ′′ response can easily be of order the M response in a large portion of the
parameter space of such models. In Fig. 1 we show the Φ′′ responses for the various elements.
This response is particularly interesting in the context of light DM, as the sodium coupling
strength can be more than ten times bigger than that of fluorine (see Fig.4).
5 Presentation of Results
Ultimately, we are interested in the prediction for the differential scattering rate dR
dER
(per
unit time per unit recoil energy) with respect to nuclear recoil energy. This is related to the
differential cross-section through
dR
dER
=
〈
ρχmT
µ2Tmχv
dσ
d cos θ
〉
, (52)
where ρχ is the dark matter density, and 〈. . .〉 indicates average over the halo velocity distri-
bution.1 The differential cross-section depends on the matrix-elements-squared in the usual
1 This formula follows straightforwardly from the recoil energy in terms of the velocity and scattering angle
in the center-of-mass frame, ER =
µ2T
mT
v2(1 − cos θ), and the fact that the rate per unit time is R = 〈nχσv〉.
A canonical review of dark matter direct detection is [26].
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∫
vmin=
q
2µT
d3v f(v)
v
∫∞
0
qdqF (q2) for the coherent vs.
angular-momentum-dependent pieces indicated, with mχ = 100 GeV.
way,
dσ
d cos θ
=
1
2jχ + 1
1
2j + 1
∑
spins
1
32pi
|M|2
(mχ +mT )2
, (53)
where we have averaged over 2jχ + 1 and 2j + 1 initial dark matter and nuclear spins, and
summed over the final spins. The matrix-elements-squared in general contain interference
terms between the different operators, and this leads to a large number of possible different
form factors. A general Lagrangian of the form
L =
12∑
i=1
c
(n)
i O(n)i + c(p)i O(p)i , (54)
will therefore lead to a matrix-elements-squared that can be written
1
2jχ + 1
1
2j + 1
∑
spins
|M|2 ≡ m
2
T
m2N
12∑
i,j=1
∑
N,N ′=p,n
c
(N)
i c
(N ′)
j F
(N,N ′)
ij (v
2, q2), (55)
where the form factors F
(N,N ′)
ij (q
2) are defined as the coefficients of the ci’s in this relation,
and are defined to be symmetric in (i, N) ↔ (j,N ′). We give approximations for them at
the most relevant nuclei in appendix A. We have factored out the generic kinematic term
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m2T
m2N
which arises due to the conventional relativistic normalization of states. Because the
operators fall into sectors that do not interfere with each other due to symmetry and WIMP
spin, only a few of the off-diagonal (i 6= j) form factors Fij’s are non-zero. In summary, the
master formula for the detector event rate dRD
dER
(per unit time per unit detector mass per
unit recoil energy) in terms of the form factors F
(N,N ′)
ij and operators coefficients c
(N)
i in the
effective theory is
dRD
dER
= NT
ρχmT
32pim3χm
2
N
〈
1
v
∑
ij
∑
N,N ′=p,n
c
(N)
i c
(N ′)
j F
(N,N ′)
ij (v
2, q2)
〉
, (56)
where NT is the number of target nuclei per detector mass.
Finally, let us give the explicit connection between these general form factors and the
convention for the form factors in the standard spin-dependent case, which is our O4. In
the standard spin-dependent interaction, the usual convention is to write the coefficients of
the operators O(p)4 and O(n)4 in terms of isospin-respecting and isospin-violating parameters
a0 = an + ap, a1 = ap − an respectively, which are related to the coefficients c(p)4 , c(n)4 in eq.
(54) by
c
(N)
4 = (32
√
2)mNmχGFaN , (N = n, p) (57)
where GF is Fermi’s constant and DM spin jχ =
1
2
is assumed. It is also conventional to
define form factors S00, S11, S01:
S00 =
1
4pi
∑
spins
|〈~Sn + ~Sp〉|2, S11 = 1
4pi
∑
spins
|〈~Sp − ~Sn〉|2, S01 = 1
2pi
∑
spins
|〈~Sp〉|2 − |〈~Sn〉|2,
(58)
Consequently, they are related to our F
(N,N ′)
44 ’s with DM spin jχ =
1
2
according to
F
(p,p)
44 =
pi
4(2j + 1)
(S00 + S11 + S01), F
(n,n)
44 =
pi
4(2j + 1)
(S00 + S11 − S01), (59)
F
(n,p)
44 = F
(p,n)
44 =
pi
4(2j + 1)
(S00 − S11). (60)
6 Models
One of the more interesting operators we have found isO3, as it leads to non-trivial dependence
on the nucleon angular momentum. Since this operator is somewhat unusual, let us provide
a sketch of a model where such an operator might arise. O3 can be obtained from the non-
relativistic limit of (see appendix)
χ¯γµχN¯iσµνq
νN → (2mχ)q2 + 8mNmχiv · (q × SN) = 2mχq2O1 − 8mNmχO3. (61)
Our goal will then be to provide a model which generates this type of operator and describe
its parameter space. An example of a model of this type is one which contains a new Dirac
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pair of colored fermions, U, U˜ and D, D˜, which also carry charges ±Qu and ±Qd under a new
gauge boson, A′µ. We can imagine that there is some UV sector which couples the left and
right handed quarks of the SM (q and u˜,d˜) to our new fermions. If this UV sector respects a
new-particle parity symmetry, then upon integrating the UV sector out we get a Lagrangian
containing the terms:
L = 1
Λ21
[yu(Uu˜)(Uu˜)
† + yd(Dd˜)(Dd˜)†] (62)
+
1
Λ32
[y′u(qαHu˜βU˜
αUβ + c.c) + y′d(qαH
†d˜βD˜αDβ + c.c)] + · · ·
Here α, β are two-component, left-handed, spin indices, and we assumed some structure in
the UV theory which couples U ’s to the up sector and D’s to the down sector. 2
Upon integrating out the heavy fermions, and including the Higgs vev, v, the induced
coupling of quarks to the new gauge boson take the form
L = κ1 gA′
(4pi)2Λ21
F ′µν∂
ν [yuQuu¯Rγ
µuR + ydQdd¯Rγ
µdR] (63)
+ κ2
gA′v
(4pi)2Λ32
F ′µν [MuQuu¯σ
µνu+MdQdd¯σ
µνd],
where κi are numbers of order one, and the Mi are of order the heavy fermion masses.
We assume that the dark matter is also charged under the new gauge boson, and so after
integrating the gauge boson out, there is an induced local interaction between dark matter
and nucleons of the form
L = g
2
A′Qχ
(4pi)2Λ21M
2
A′
χ¯γµχ
(
c1p ∂
2(p¯γµp) + c1n ∂
2(n¯γµn) + · · · ) (64)
+
g2A′QχMuv
(4pi)2Λ32M
2
A′
χ¯γµχ ∂ν (c2p p¯σ
µνp+ c2n n¯σ
µνn) + · · · ,
where the various c’s depend on the parameters of the model and can be adjusted separately,
for example by changing the fermion masses and charges. Adjusting the masses and charges
(both of which are radiatively stable) one can reduce the part of the interaction which couples
to q2O1, and vary the coupling to protons and neutrons through O3 independently. Note,
that for the heavier elements the Φ′′ response can be of the same order as the M response
(see Fig. 5 ). Therefore, in a significant portion of parameter space of this model, the new
LS-response can dominate the more standard SI response for some elements.
Another interesting operator is the CP violating spin operator O10 = iq · SN as it couples
to only a portion of the nucleon spin (resulting in the response Σ′′). A model generating such
2For example, the four-fermion terms above can arise from the exchange of scalar fields charged under
hyper-charge and A′.
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Figure 5: Comparison of the Φ′′ form factor to the standard spin-independent (FM) form
factor, with relative coefficients as given by the moment operator of the model in section 6.
an operator is as follows. Consider a scalar φ whose couplings violate CP, but preserve CP
in any given sector. After EW breaking, its couplings take the form (schematically):
L = yχφχ¯χ+ yqφiq¯γ5q. (65)
Upon integrating φ out, we get the following Lagrangian
L = yχyq
m2φ
χ¯χiq¯γ5q + c
y2χy
2
q
(4pi)2m2φ
χ¯χq¯q + κ
y3χy
3
q
(4pi)4m2φ
q¯q iq¯γ5q + · · · (66)
The first term will lead in the non-relativistic limit to O10 and can dominate the interaction
between χ and quarks for small Yukawa couplings, while the last term produces CP violating
effects in the SM. In particular, the last term can mediate direct CP violating decays in
the kaon system. Experimental constraints place a bound on the mass and couplings of
m2φ
y3χy
3
q
> (300 GeV)2. This still allows for significant rates at direct detection experiments.
Finally, let us discuss some of the restrictions we made on the effective theory. Specifically,
we have neglected operators that require contracting two indices from the dark matter part
of the operator with the nucleon part. In order for such interactions to be generated by tree-
level exchange of a mediator, the exchanged field would have to be spin-2 or higher (or, at
least a non-standard anti-symmetric Bµν spin-1 field). Higher-spin fields are subject to strong
theoretical constraints and typically arise as composites fields with size comparable to their
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mass; this is the case for instance with spin-2 resonances of QCD. There is nothing wrong with
such particles, however they will usually be accompanied by spin-0 or spin-1 resonances as
well, and it is unlikely that the higher-spin exchanges will dominate the interactions. We have
made one additional truncation which is to neglect the product operators in eq. (25). This is
motivated by the fact that any spin-1 exchange leading to such operators would necessarily
couple to the dark matter sector as a CP-even field and to the nucleons as a CP-odd field,
or vice versa. In a theory where CP is broken, this is not necessarily forbidden. However,
it requires more work to see if such a framework can be UV-completed, in particular in a
manner where the spin-1 mediator couples dominantly to a current in the UV in CP-violating
way.
7 Discussion and Future Directions
The exact nature of dark matter remains as yet unknown, and little can be said for certain
about its interactions with the Standard Model. Especially when comparing the results from
different experiments, it is therefore prudent to keep an open mind about what form such
interactions can take, and to avoid prejudices about underlying models when possible. The
most efficient tool for separating out assumptions about UV physics and parametrizing the
relevant low-energy possibilities is effective field theory, which we have applied here to the
direct detection of dark matter. Effective field theory has been considered in the context,
the most thorough analysis probably being [3]; however, the full set of possible interactions,
including all derivative couplings and momentum-suppressed interactions, as well as the pos-
sibility of interference between different operators, has not previously been explored. Since
direct detection experiments are sensitive to interactions with finite momentum transfer, it
is entirely possible and well-motivated for momentum-independent operators to be absent,
and for momentum-dependent interactions to be responsible for the leading source of direct
detection scattering. It turns out that the full set of possibilities is much richer than the
standard cases, and can favor atomic nuclei in a qualitatively different way.
We have systematically constructed the low-energy, non-relativistic effective field theory
describing direct detection scattering. We have paid special attention to the basic non-
relativistic building blocks, that connect directly to relevant experimental observables, and
to their symmetry properties. This simplifies the identification of all possible non-relativistic
operators and makes their interpretation more physical, as well as explaining patterns in the
form of non-relativistic operators that arise when taking the non-relativistic limit of standard
four-fermion operators. It furthermore eliminates the need for embedding the field operators
in full representations of the Lorentz group, and thus gives a unified description of all possible
spins for the dark matter particle.
This effective field theory is necessarily for interactions between dark matter and nucle-
ons. To make contact with experiment, one requires the matrix elements of these operators
between atomic nuclei. This marriage of an effective theory treatment of DM interactions
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with a treatment of the nuclear response shows that there are six independent nuclear re-
sponse functions characterizing DM elastic interactions with nuclei, and that these response
functions are associated with six single-particle operators having the requisite transformation
properties under parity and time reversal. The new response functions are associated with the
nuclear convection current and related spin-velocity currents that depend explicitly on nu-
clear compositeness. In addition, two interference terms arise, adding additional complexity.
Such complexity is helpful, providing more diagnostic handles for experimentalist to exploit,
as they seek to determine the nature of DM. Our effective theory of DM interactions that
include CP preserving exchanges of spin-1 or less utilizes five of the six possible responses.
We have implemented this formalism by completing shell-model calculations of moderate
complexity for several of the critical targets - 19F, 23Na, 70,72,73,74,76Ge, 127I, 128,129,130,131,132,134,136Xe
- using realistic effective interactions. Operator matrix elements were evaluated in a harmonic
oscillator basis, a choice that allows one to express the needed form factors as polynomials
in the square of the three-momentum transfer. The results show a wide range of sensitivities
to underlying effective theory interactions, highly dependent on the choice of nuclear target.
In a follow-up paper, we will analyze experimental constraints on the full effective theory
using these form factors, though as more accurate form factors for heavier elements become
available in the literature, such analyses should become increasingly reliable.
Aside from the improvement of nuclear form factors, the results here can be continued
in several directions. Models with inelastically-scattering dark matter can be well-motivated
and lead to qualitatively interesting predictions, and it would be useful to extend the effective
theory analysis to include such operators and any additional possible nuclear responses. Also,
while some combinations of the operators here arise easily from UV models, for others it is
less obvious whether or not tuning is required. It would be interesting to understand better
if natural models for the full effective theory can be constructed or not.
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Appendix
A Nuclear Matrix Elements and Form Factors
A.1 Partial Wave Decomposition of Operators
To make connection with results in nuclear physics, in section 3 we decomposed effective the-
ory interactions into partial waves. Such a decomposition allows one to package the matrix
elements-squared into reduced matrix elements through the Wigner-Eckart theorem. In this
appendix, we will review some of the details of these computations. We will then in section
A.2 give the form factors for the general effective theory in terms of a smaller set of indepen-
dent form factors. Finally, in section A.3, we will give numerical approximations for those
independent form factors.
We will begin with a few examples, starting with O1 = 1. Expanding eiq·x in partial waves,
the corresponding DM-nucleus scattering matrix element takes the form
Mrr′,ss′ = mT
mN
δss′
∞∑
J=0
√
4pi(−i)J [J ]〈r|
∫
d3xjJ(qx)YJ0(qˆ · xˆ)ρˆp(x)|r′〉, (67)
where [J ] ≡ √2J + 1. The expansion of eiq·x in this way is what leads to the introduction of
the operator MJM(q ~Xi) ≡ jJ(qXi)YJM(qˆ · Xˆi):
〈r|MJM(q ~Xi)|r′〉 =
∫
d3xiψ
∗
i (xi)ψi(xi)jJ(qxi)YJM(qˆ · xˆi), (68)
where ψi(xi) is just the harmonic oscillator wavefunction for the nucleon corresponding to i.
Rotational invariance has been used in order to pick a fiducial direction for ~q, so that MJM
depends only on q~x.
Consider for the next simple example the T-violating operator O10 = i~SN · ~q. The decom-
position into partial waves takes the form
eiq·xO10 ∼= −1
2
~σ · ~∇xeiq·x ∼= −1
2
∞∑
J=0
√
4pi(i)J [J ]~σ · ~∇xMJM(q~x), (69)
where we have integrated by parts. More generally, in the partial wave analysis, one treats
vectors like ~SN by decomposing ~A =
∑
λ=0,±1Aλ~eλ
†, and using the identities in eq. (40).
Then, an arbitrary operator of the form ~`· ~SN with ~` a constant vector can be decomposed as
~` · ~SNeiq·x ∼= 1
2
∑
J
(√
4pi(i)J [J ]
)(
`0iΣ
′′
J0(q~x)−
∑
λ=±1
`λ√
2
(λΣJλ(q~x) + iΣ
′
Jλ(q~x))
)
, (70)
where ΣJM(q~x) ≡ ~MJJM(q~x) ·~σ. ΣJM has the wrong parity to contribute to elastic scattering,
so we may discard it in the following. Consequently, O4 decomposes as
eiq·xO4 ∼= 1
2
~Sχ ·
∑
J
(√
4pi(i)J [J ]
)(
~e0iΣ
′′
J0(q~x)−
∑
λ=±1
~e ∗λ√
2
(λΣJλ + iΣ
′
Jλ)
)
. (71)
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Such manipulations can be performed for all the operators in the effective theory, for which
one obtains the following matching:
O1 = 1
∑
J cJMJ0
O3 = i~SN · (~q × ~v)
∑
J cJ
(
q2
2mN
Φ′′J0 − (i~q × ~v⊥T ) ·
(∑
λ=±1 2
− 1
2~e ∗λ (iΣ
′
Jλ)
))
O4 = ~Sχ · ~SN 12 ~Sχ ·
∑
J cJ
(
~e0iΣ
′′
J0 −
∑
λ=±1 2
− 1
2~e ∗λ (iΣ
′
Jλ)
)
O5 = i~Sχ · (~q × ~v) (~Sχ × i~q) ·
∑
J cJ
(
~v⊥TMJ0(q~x)− iqmN
∑
λ=±1 2
− 1
2~e ∗λ (λ∆Jλ)
)
O6 = (~Sχ · ~q)(~SN · ~q) (~q · ~Sχ) ~q2 ·
∑
J cJ
(
~e0iΣ
′′
J0 −
∑
λ=±1 2
− 1
2~e ∗λ (iΣ
′
Jλ)
)
O7 = ~SN · ~v⊥
∑
J cJ
(
−1
2
~v⊥T ·
∑
λ=±1 2
− 1
2~e ∗λ (iΣ
′
Jλ)
)
O8 = ~Sχ · ~v⊥ ~Sχ ·
∑
J cJ
(
~v⊥TMJ0 − iqmN
∑
λ=±1 2
− 1
2~e ∗λ (λ∆Jλ
)
O9 = i~Sχ · (~SN × ~q) −12(i~q × ~Sχ) ·
∑
J cJ
(∑
λ=±1 2
− 1
2~e ∗λ (iΣ
′
Jλ)
)
O10 = i~SN · ~q −12
∑
J cJqΣ
′′
J0
O11 = i~Sχ · ~q (i~Sχ · ~q)
∑
J cJMJ0
Here, cJ ≡
√
4pi(i)J [J ], and in all cases, the scattering amplitude Mrr′,ss′ is given by mTmN
times the matrix element 〈s, r| . . . |s′, r′〉 of the nuclear response function in the table above.
Our convention for the reduced matrix elements 〈j||TJ ||j′〉 is
〈j′m′|TJM |jm〉 = (−)j′−m′
(
j′ J j
−m′ M m
)
〈j′||TJ ||j〉. (72)
For elastic scattering, ΣJλ, Ω˜J0 and ∆˜
′
Jλ do not contribute due to their parity, and all form
factors can be written in terms of a small set of independent form factors that depend only
on the nuclear responses:
F
(N,N ′)
X (q
2) ≡ 4pi
2j + 1
2j+1∑
J=0
〈j||X(N)J ||j〉〈j||X(N
′)
J ||j〉, (73)
for X = M,Σ′,Σ′′,∆,Φ′′, are required for the diagonal matrix elements. Additionally,
F
(N,N ′)
X,Y (q
2) ≡ 4pi
2j + 1
2j+1∑
J=0
〈j||X(N)J ||j〉〈j||Y (N
′)
J ||j〉, (74)
for (X, Y ) = (M,Φ′′) and (Σ′,∆) appear when there is interference between different re-
sponses. We emphasize that these independent nuclear form factors depend only on the
nuclear physics and are not all special cases of the form factors Fij for the effective theory
operator coefficients ci. In particular, the Fij’s can depend on the dark matter spin.
If one prefers a basis of isoscalar c(0) = c(n) + c(p) and isovector c(1) = c(p)− c(n) couplings,
rather than the basis of neutron (N = n) and proton (N = p) couplings we have chosen here,
then one can use an isoscalar-isovector form of the general event rate formula eq. (56),
dRD
dER
= NT
ρχmT
32pim3χm
2
N
〈
1
v
∑
ij
∑
a,b=0,1
c
(a)
i c
(b)
j F
ab
ij (v
2, q2)
〉
, (75)
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with
F 00i,j =
1
4
(
F
(n,n)
i,j + F
(p,p)
i,j + F
(p,n)
i,j + F
(n,p)
i,j
)
,
F 11i,j =
1
4
(
F
(n,n)
i,j + F
(p,p)
i,j − F (p,n)i,j − F (n,p)i,j
)
,
F 01i,j =
1
4
(
−F (n,n)i,j + F (p,p)i,j − F (p,n)i,j + F (n,p)i,j
)
,
F 10i,j =
1
4
(
−F (n,n)i,j + F (p,p)i,j + F (p,n)i,j − F (n,p)i,j
)
. (76)
A.2 Form Factors for the General Effective Theory
The full set of form factors F
(N,N ′)
i,j (defined by eq. (55)) necessary for a general model can be
written in terms of the basic independent nuclear form factors (defined by eq. (73) and (74))
as follows:
F
(N,N ′)
1,1 = F
(N,N ′)
M , (77a)
F
(N,N ′)
3,3 =
(
q4
4m2N
F
(N,N ′)
Φ′′ + q
2
(
v2 − q
2
4µ2T
)
F
(N,N ′)
Σ′
)
, (77b)
F
(N,N ′)
4,4 = C(jχ)
1
16
(
F
(N,N ′)
Σ′′ + F
(N,N ′)
Σ′
)
, (77c)
F
(N,N ′)
5,5 = C(jχ)
1
4
(
q2
(
v2 − q
2
4µ2T
)
F
(N,N ′)
M +
q4
m2N
F
(N,N ′)
∆
)
, (77d)
F
(N,N ′)
6,6 = C(jχ)
q4
16
F
(N,N ′)
Σ′′ , (77e)
F
(N,N ′)
7,7 =
1
8
(
v2 − q
2
4µ2T
)
F
(N,N ′)
Σ′ , (77f)
F
(N,N ′)
8,8 = C(jχ)
1
4
((
v2 − q
2
4µ2T
)
F
(N,N ′)
M +
q2
m2N
F
(N,N ′)
∆
)
, (77g)
F
(N,N ′)
9,9 = C(jχ)
q2
16
F
(N,N ′)
Σ′ , (77h)
F
(N,N ′)
10,10 =
q2
4
F
(N,N ′)
Σ′′ , (77i)
F
(N,N ′)
11,11 = C(jχ)
q2
4
F
(N,N ′)
M , (77j)
F
(N,N ′)
1,3 =
q2
2mN
F
(N,N ′)
M,Φ′′ , (77k)
F
(N,N ′)
4,5 = −C(jχ)
q2
8mN
F
(N,N ′)
Σ′,∆ , (77l)
F
(N,N ′)
4,6 = C(jχ)
q2
16
F
(N,N ′)
Σ′′ , (77m)
F
(N,N ′)
8,9 = C(jχ)
q2
8mN
F
(N,N ′)
Σ′,∆ , (77n)
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where C(jχ) = (4jχ(jχ + 1)/3) is a prefactor that depends on the DM spin jχ and has been
normalized to C(1
2
) = 1. All interference terms not given explicitly above can be seen to
vanish. We have not included O2 here since it does not appear at leading order from any
relativistic interaction without cancellations.
A.3 Approximate Form Factors
Here, we provide form factors for the basic responses defined in eq. (73) and (74). They de-
pend on the momentum transfer through the dimensionless variable y = (qb/2)2, where b is the
harmonic oscillator parameter, b ≈
√
41.467/(45A−1/3 − 25A−2/3) fm. For the interference-
type responses, F
(p,n)
X,Y 6= F (n,p)X,Y , so these are given separately, whereas for the non-interference-
type ones, we have F
(p,n)
X = F
(n,p)
X .
19F:
FM
(p,p) = e−2y
(
81.− 96.y + 36.y2 − 4.7y3 + 0.19y4)
FM
(p,n) = e−2y
(
90.− 110.y + 48.y2 − 7.5y3 + 0.37y4)
FM
(n,n) = e−2y
(
100.− 130.y + 61.y2 − 11.y3 + 0.73y4)
FΣ′
(p,p) = e−2y
(
1.81− 4.85y + 4.88y2 − 2.18y3 + 0.364y4)
FΣ′
(p,n) = e−2y
(−0.0331 + 0.0815y − 0.0511y2 − 0.00142y3 + 0.00602y4)
FΣ′
(n,n) = e−2y
(
0.000607− 0.00136y + 0.000266y2 + 0.000550y3 + 0.0000997y4)
FΣ′′
(p,p) = e−2y
(
0.903− 2.37y + 2.35y2 − 1.05y3 + 0.175y4)
FΣ′′
(p,n) = e−2y
(−0.0166 + 0.0509y − 0.0510y2 + 0.0199y3 − 0.00237y4)
FΣ′′
(n,n) = e−2y
(
0.000303− 0.00107y + 0.00114y2 − 0.000348y3 + 0.0000320y4)
F∆
(p,p) = e−2y
(
0.0251− 0.0201y + 0.00401y2)
F∆
(p,n) = e−2y
(−0.0213 + 0.0170y − 0.00341y2)
F∆
(n,n) = e−2y
(
0.0181− 0.0145y + 0.00290y2)
FΦ′′
(p,p) = e−2y
(
0.0392− 0.0314y + 0.00627y2)
FΦ′′
(p,n) = e−2y
(
0.100− 0.0800y + 0.0160y2)
FΦ′′
(n,n) = e−2y
(
0.255− 0.204y + 0.0408y2)
FM,Φ′′
(p,p) = e−2y
(−1.78 + 1.77y − 0.509y2 + 0.0347y3)
FM,Φ′′
(p,n) = e−2y
(−4.55 + 4.51y − 1.30y2 + 0.0884y3)
FM,Φ′′
(n,p) = e−2y
(−1.98 + 2.11y − 0.697y2 + 0.0675y3)
FM,Φ′′
(n,n) = e−2y
(−5.05 + 5.39y − 1.78y2 + 0.172y3)
FΣ′,∆
(p,p) = e−2y
(−0.213 + 0.371y − 0.210y2 + 0.0382y3)
FΣ′,∆
(p,n) = e−2y
(
0.181− 0.315y + 0.178y2 − 0.0325y3)
FΣ′,∆
(n,p) = e−2y
(
0.00390− 0.00592y + 0.000163y2 + 0.000632y3)
FΣ′,∆
(n,n) = e−2y
(−0.00331 + 0.00503y − 0.000138y2 − 0.000537y3)
36
23Na:
FM
(p,p) = e−2y
(
120.− 180.y + 87.y2 − 17.y3 + 1.2y4)
FM
(p,n) = e−2y
(
130.− 200.y + 100.y2 − 20.y3 + 1.5y4)
FM
(n,n) = e−2y
(
140.− 220.y + 120.y2 − 25.y3 + 1.8y4)
FΣ′
(p,p) = e−2y
(
0.273− 0.824y + 1.19y2 − 0.477y3 + 0.0593y4)
FΣ′
(p,n) = e−2y
(
0.0219− 0.0578y + 0.0360y2 − 0.00300y3 − 0.000363y4)
FΣ′
(n,n) = e−2y
(
0.00176− 0.00396y + 0.00228y2 + 0.0000195y3)
FΣ′′
(p,p) = e−2y
(
0.136− 0.267y + 0.458y2 − 0.112y3 + 0.00828y4)
FΣ′′
(p,n) = e−2y
(
0.0110− 0.0300y + 0.0217y2 − 0.00897y3 + 0.000592y4)
FΣ′′
(n,n) = e−2y
(
0.000882− 0.00310y + 0.00399y2 − 0.00203y3 + 0.000409y4)
F∆
(p,p) = e−2y
(
0.231− 0.185y + 0.0502y2)
F∆
(p,n) = e−2y
(
0.0812− 0.0650y + 0.0138y2)
F∆
(n,n) = e−2y
(
0.0286− 0.0228y + 0.00462y2)
FΦ′′
(p,p) = e−2y
(
1.48− 1.19y + 0.275y2)
FΦ′′
(p,n) = e−2y
(
1.89− 1.53y + 0.334y2)
FΦ′′
(n,n) = e−2y
(
2.43− 1.95y + 0.413y2)
FM,Φ′′
(p,p) = e−2y
(−13.+ 15.y − 5.3y2 + 0.58y3)
FM,Φ′′
(p,n) = e−2y
(−17.+ 19.y − 6.7y2 + 0.70y3)
FM,Φ′′
(n,p) = e−2y
(−15.+ 17.y − 6.3y2 + 0.71y3)
FM,Φ′′
(n,n) = e−2y
(−19.+ 22.y − 8.0y2 + 0.86y3)
FΣ′,∆
(p,p) = e−2y
(−0.25 + 0.48y − 0.29y2 + 0.049y3)
FΣ′,∆
(p,n) = e−2y
(−0.088 + 0.17y − 0.081y2 + 0.011y3)
FΣ′,∆
(n,p) = e−2y
(−0.020 + 0.031y − 0.0076y2 − 0.00027y3)
FΣ′,∆
(n,n) = e−2y
(−0.0071 + 0.011y − 0.0030y2)
37
70Ge:
FM
(p,p) = e−2y
(
1000.− 2800.y + 2900.y2 − 1400.y3 + 350.y4 − 42.y5 + 1.9y6 − 0.0027y7)
FM
(p,n) = e−2y
(
1200.− 3500.y + 3800.y2 − 2000.y3 + 530.y4 − 70.y5 + 3.8y6 − 0.034y7)
FM
(n,n) = e−2y
(
1400.− 4300.y + 4900.y2 − 2700.y3 + 780.y4 − 110.y5 + 7.2y6 − 0.11y7 + 0.00052y8)
FΦ′′
(p,p) = e−2y
(
36.− 58.y + 32.y2 − 6.8y3 + 0.51y4 − 0.0028y5)
FΦ′′
(p,n) = e−2y
(
25.− 45.y + 29.y2 − 7.8y3 + 0.91y4 − 0.034y5)
FΦ′′
(n,n) = e−2y
(
18.− 35.y + 25.y2 − 8.4y3 + 1.3y4 − 0.088y5 + 0.0021y6)
FM,Φ′′
(p,p) = e−2y
(−190.+ 420.y − 330.y2 + 110.y3 − 17.y4 + 1.0y5 − 0.0034y6)
FM,Φ′′
(p,n) = e−2y
(−140.+ 320.y − 280.y2 + 110.y3 − 22.y4 + 2.0y5 − 0.063y6)
FM,Φ′′
(n,p) = e−2y
(−230.+ 520.y − 430.y2 + 160.y3 − 28.y4 + 1.9y5 − 0.021y6)
FM,Φ′′
(n,n) = e−2y
(−160.+ 400.y − 370.y2 + 160.y3 − 35.y4 + 3.5y5 − 0.14y6 + 0.0010y7)
(78)
72Ge:
FM
(p,p) = e−2y
(
1000.− 2800.y + 3000.y2 − 1500.y3 + 400.y4 − 51.y5 + 2.6y6 − 0.0069y7)
FM
(p,n) = e−2y
(
1300.− 3700.y + 4100.y2 − 2200.y3 + 600.y4 − 82.y5 + 4.5y6 − 0.017y7)
FM
(n,n) = e−2y
(
1600.− 4800.y + 5600.y2 − 3100.y3 + 910.y4 − 130.y5 + 7.8y6 − 0.039y7)
FΦ′′
(p,p) = e−2y
(
68.− 110.y + 64.y2 − 16.y3 + 1.4y4 − 0.010y5)
FΦ′′
(p,n) = e−2y
(
6.9− 13.y + 8.8y2 − 2.7y3 + 0.36y4 − 0.018y5)
FΦ′′
(n,n) = e−2y
(
0.71− 1.5y + 1.2y2 − 0.42y3 + 0.075y4 − 0.0063y5 + 0.00020y6)
FM,Φ′′
(p,p) = e−2y
(−260.+ 580.y − 460.y2 + 170.y3 − 30.y4 + 2.0y5 − 0.0094y6)
FM,Φ′′
(p,n) = e−2y
(−27.+ 66.y − 60.y2 + 26.y3 − 5.6y4 + 0.58y5 − 0.023y6)
FM,Φ′′
(n,p) = e−2y
(−330.+ 760.y − 650.y2 + 250.y3 − 47.y4 + 3.4y5 − 0.020y6)
FM,Φ′′
(n,n) = e−2y
(−34.+ 87.y − 83.y2 + 38.y3 − 8.7y4 + 0.96y5 − 0.040y6 + 0.00010y7)
(79)
74Ge:
FM
(p,p) = e−2y
(
1000.− 2800.y + 2900.y2 − 1400.y3 + 350.y4 − 41.y5 + 1.9y6 − 0.0033y7)
FM
(p,n) = e−2y
(
1300.− 4000.y + 4400.y2 − 2400.y3 + 660.y4 − 91.y5 + 5.4y6 − 0.070y7)
FM
(n,n) = e−2y
(
1800.− 5500.y + 6700.y2 − 3900.y3 + 1200.y4 − 190.y5 + 14.y6 − 0.33y7 + 0.0023y8)
FΦ′′
(p,p) = e−2y
(
36.− 57.y + 32.y2 − 7.0y3 + 0.55y4 − 0.0035y5)
FΦ′′
(p,n) = e−2y
(
26.− 52.y + 36.y2 − 11.y3 + 1.5y4 − 0.073y5 + 0.00023y6)
FΦ′′
(n,n) = e−2y
(
20.− 45.y + 38.y2 − 15.y3 + 2.9y4 − 0.27y5 + 0.0093y6)
FM,Φ′′
(p,p) = e−2y
(−190.+ 420.y − 330.y2 + 110.y3 − 18.y4 + 1.0y5 − 0.0042y6)
FM,Φ′′
(p,n) = e−2y
(−140.+ 360.y − 330.y2 + 150.y3 − 32.y4 + 3.4y5 − 0.13y6 + 0.00012y7)
38
FM,Φ′′
(n,p) = e−2y
(−250.+ 600.y − 510.y2 + 200.y3 − 37.y4 + 2.8y5 − 0.043y6 + 0.00012y7)
FM,Φ′′
(n,n) = e−2y
(−190.+ 500.y − 510.y2 + 250.y3 − 62.y4 + 7.6y5 − 0.39y6 + 0.0047y7)
(80)
76Ge:
FM
(p,p) = e−2y
(
1000.− 2800.y + 2900.y2 − 1400.y3 + 340.y4 − 40.y5 + 1.8y6 − 0.0024y7)
FM
(p,n) = e−2y
(
1400.− 4200.y + 4800.y2 − 2600.y3 + 730.y4 − 100.y5 + 6.5y6 − 0.11y7)
FM
(n,n) = e−2y
(
1900.− 6300.y + 7800.y2 − 4700.y3 + 1500.y4 − 260.y5 + 21.y6 − 0.66y7 + 0.0069y8)
FΦ′′
(p,p) = e−2y
(
31.− 49.y + 27.y2 − 5.8y3 + 0.44y4 − 0.0024y5)
FΦ′′
(p,n) = e−2y
(
39.− 78.y + 54.y2 − 17.y3 + 2.3y4 − 0.11y5 + 0.00031y6)
FΦ′′
(n,n) = e−2y
(
50.− 120.y + 100.y2 − 41.y3 + 8.1y4 − 0.77y5 + 0.027y6)
FM,Φ′′
(p,p) = e−2y
(−180.+ 390.y − 300.y2 + 100.y3 − 16.y4 + 0.89y5 − 0.0030y6)
FM,Φ′′
(p,n) = e−2y
(−230.+ 580.y − 550.y2 + 240.y3 − 53.y4 + 5.5y5 − 0.22y6 + 0.00015y7)
FM,Φ′′
(n,p) = e−2y
(−240.+ 590.y − 520.y2 + 210.y3 − 38.y4 + 3.0y5 − 0.061y6 + 0.00015y7)
FM,Φ′′
(n,n) = e−2y
(−310.+ 870.y − 910.y2 + 460.y3 − 120.y4 + 15.y5 − 0.85y6 + 0.014y7)
(81)
73Ge:
FM
(p,p) = e−2y
(
1000.− 2800.y + 2900.y2 − 1500.y3 + 380.y4 − 47.y5 + 2.3y6 − 0.0058y7)
FM
(p,n) = e−2y
(
1300.− 3800.y + 4200.y2 − 2300.y3 + 630.y4 − 88.y5 + 5.1y6 − 0.050y7)
FM
(n,n) = e−2y
(
1700.− 5200.y + 6100.y2 − 3500.y3 + 1100.y4 − 160.y5 + 11.y6 − 0.17y7 + 0.0012y8)
FΣ′
(p,p) = e−2y
(
0.00020− 0.00046y + 0.0015y2 − 0.0023y3 + 0.0021y4 − 0.00076y5 + 0.00010y6)
FΣ′
(p,n) = e−2y
(
0.012− 0.053y + 0.072y2 − 0.067y3 + 0.038y4 − 0.012y5 + 0.0018y6 − 0.00014y7)
FΣ′
(n,n) = e−2y
(
0.74− 4.7y + 12.y2 − 13.y3 + 6.9y4 − 2.1y5 + 0.35y6 − 0.031y7 + 0.0019y8)
FΣ′′
(p,p) = e−2y
(
0.00010− 0.00096y + 0.0034y2 − 0.0036y3 + 0.0020y4 − 0.00046y5)
FΣ′′
(p,n) = e−2y
(
0.0061− 0.039y + 0.058y2 − 0.054y3 + 0.026y4 − 0.0065y5 + 0.00082y6)
FΣ′′
(n,n) = e−2y
(
0.37− 1.2y + 2.3y2 − 2.0y3 + 1.0y4 − 0.30y5 + 0.057y6 − 0.0060y7 + 0.00095y8)
F∆
(p,p) = e−2y
(
0.0069− 0.012y + 0.0089y2 − 0.0031y3 + 0.00048y4)
F∆
(p,n) = e−2y
(
0.14− 0.30y + 0.25y2 − 0.099y3 + 0.018y4 − 0.0013y5)
F∆
(n,n) = e−2y
(
3.0− 7.2y + 6.9y2 − 3.1y3 + 0.72y4 − 0.080y5 + 0.0036y6)
FΦ′′
(p,p) = e−2y
(
51.− 83.y + 47.y2 − 11.y3 + 0.97y4 − 0.0073y5)
FΦ′′
(p,n) = e−2y
(
18.− 34.y + 24.y2 − 7.2y3 + 0.99y4 − 0.049y5 + 0.00021y6)
FΦ′′
(n,n) = e−2y
(
6.6− 15.y + 13.y2 − 5.5y3 + 1.1y4 − 0.12y5 + 0.0049y6)
FM,Φ′′
(p,p) = e−2y
(−230.+ 500.y − 400.y2 + 140.y3 − 23.y4 + 1.5y5 − 0.0076y6)
FM,Φ′′
(p,n) = e−2y
(−80.+ 200.y − 190.y2 + 85.y3 − 19.y4 + 2.1y5 − 0.089y6 + 0.00011y7)
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FM,Φ′′
(n,p) = e−2y
(−290.+ 690.y − 590.y2 + 230.y3 − 42.y4 + 3.1y5 − 0.035y6 + 0.00011y7)
FM,Φ′′
(n,n) = e−2y
(−100.+ 270.y − 280.y2 + 130.y3 − 33.y4 + 4.0y5 − 0.20y6 + 0.0025y7)
FΣ′,∆
(p,p) = e−2y
(−0.0012 + 0.0024y − 0.0033y2 + 0.0023y3 − 0.00088y4 + 0.00015y5)
FΣ′,∆
(p,n) = e−2y
(−0.025 + 0.058y − 0.074y2 + 0.053y3 − 0.020y4 + 0.0036y5 − 0.00029y6)
FΣ′,∆
(n,p) = e−2y
(−0.071 + 0.29y − 0.38y2 + 0.24y3 − 0.075y4 + 0.011y5 − 0.00066y6)
FΣ′,∆
(n,n) = e−2y
(−1.5 + 6.5y − 10.y2 + 7.1y3 − 2.6y4 + 0.49y5 − 0.048y6 + 0.0019y7)
127I:
FM
(p,p) = e−2y
(
2800.− 10000.y + 14000.y2 − 9800.y3 + 3800.y4 − 840.y5 + 100.y6 − 6.3y7 + 0.15y8)
FM
(p,n) = e−2y
(
3900.− 15000.y + 23000.y2 − 18000.y3 + 7900.y4 − 2000.y5 + 290.y6 − 23.y7 + 0.75y8
−0.0048y9)
FM
(n,n) = e−2y
(
5500.− 23000.y + 38000.y2 − 32000.y3 + 16000.y4 − 4600.y5 + 790.y6 − 75.y7 + 3.3y8
−0.041y9 + 0.00015y10)
FΣ′
(p,p) = e−2y
(
0.26− 1.6y + 5.3y2 − 8.9y3 + 8.7y4 − 4.9y5 + 1.5y6 − 0.25y7 + 0.016y8)
FΣ′
(p,n) = e−2y
(
0.065− 0.46y + 1.3y2 − 1.8y3 + 1.4y4 − 0.65y5 + 0.17y6 − 0.026y7 + 0.0020y8)
FΣ′
(n,n) = e−2y
(
0.016− 0.13y + 0.37y2 − 0.48y3 + 0.34y4 − 0.14y5 + 0.033y6 − 0.0048y7 + 0.00041y8)
FΣ′′
(p,p) = e−2y
(
0.13− 0.49y + 1.8y2 − 2.8y3 + 2.7y4 − 1.6y5 + 0.53y6 − 0.092y7 + 0.0067y8)
FΣ′′
(p,n) = e−2y
(
0.032− 0.13y + 0.26y2 − 0.30y3 + 0.21y4 − 0.098y5 + 0.027y6 − 0.0042y7 + 0.00033y8)
FΣ′′
(n,n) = e−2y
(
0.0080− 0.032y + 0.053y2 − 0.046y3 + 0.025y4 − 0.0086y5 + 0.0019y6 − 0.00026y7)
F∆
(p,p) = e−2y
(
0.54− 1.3y + 1.6y2 − 1.2y3 + 0.51y4 − 0.11y5 + 0.0097y6)
F∆
(p,n) = e−2y
(
0.23− 0.65y + 0.79y2 − 0.54y3 + 0.20y4 − 0.040y5 + 0.0039y6 − 0.00014y7)
F∆
(n,n) = e−2y
(
0.10− 0.32y + 0.40y2 − 0.25y3 + 0.084y4 − 0.016y5 + 0.0018y6 − 0.00011y7)
FΦ′′
(p,p) = e−2y
(
200.− 480.y + 440.y2 − 200.y3 + 45.y4 − 5.2y5 + 0.23y6)
FΦ′′
(p,n) = e−2y
(
95.− 260.y + 280.y2 − 150.y3 + 42.y4 − 6.3y5 + 0.49y6 − 0.015y7)
FΦ′′
(n,n) = e−2y
(
44.− 140.y + 170.y2 − 110.y3 + 36.y4 − 6.9y5 + 0.74y6 − 0.042y7 + 0.00095y8)
FM,Φ′′
(p,p) = e−2y
(−750.+ 2200.y − 2600.y2 + 1500.y3 − 440.y4 + 73.y5 − 6.0y6 + 0.18y7)
FM,Φ′′
(p,n) = e−2y
(−350.+ 1200.y − 1600.y2 + 1000.y3 − 370.y4 + 76.y5 − 8.7y6 + 0.51y7 − 0.012y8)
FM,Φ′′
(n,p) = e−2y
(−1000.+ 3400.y − 4400.y2 + 2800.y3 − 980.y4 + 190.y5 − 20.y6 + 0.86y7 − 0.0059y8)
FM,Φ′′
(n,n) = e−2y
(−490.+ 1800.y − 2600.y2 + 1900.y3 − 780.y4 + 190.y5 − 25.y6 + 1.9y7 − 0.060y8
+0.00038y9
)
FΣ′,∆
(p,p) = e−2y
(−0.37 + 1.6y − 3.1y2 + 3.4y3 − 2.1y4 + 0.73y5 − 0.13y6 + 0.0086y7)
FΣ′,∆
(p,n) = e−2y
(−0.16 + 0.75y − 1.5y2 + 1.5y3 − 0.82y4 + 0.26y5 − 0.047y6 + 0.0043y7 − 0.00015y8)
FΣ′,∆
(n,p) = e−2y
(−0.093 + 0.48y − 0.85y2 + 0.79y3 − 0.43y4 + 0.13y5 − 0.021y6 + 0.0017y7)
FΣ′,∆
(n,n) = e−2y
(−0.040 + 0.22y − 0.43y2 + 0.38y3 − 0.19y4 + 0.053y5 − 0.0090y6 + 0.00088y7)
40
128Xe:
FM
(p,p) = e−2y
(
2900.− 11000.y + 15000.y2 − 11000.y3 + 4200.y4 − 950.y5 + 120.y6 − 7.8y7 + 0.20y8)
FM
(p,n) = e−2y
(
4000.− 15000.y + 24000.y2 − 19000.y3 + 8300.y4 − 2100.y5 + 320.y6 − 25.y7 + 0.85y8
−0.0055y9)
FM
(n,n) = e−2y
(
5500.− 23000.y + 38000.y2 − 32000.y3 + 16000.y4 − 4600.y5 + 790.y6 − 75.y7 + 3.3y8
−0.041y9 + 0.00015y10)
FΦ′′
(p,p) = e−2y
(
180.− 440.y + 410.y2 − 180.y3 + 42.y4 − 4.9y5 + 0.22y6)
FΦ′′
(p,n) = e−2y
(
91.− 250.y + 270.y2 − 140.y3 + 40.y4 − 6.2y5 + 0.48y6 − 0.014y7)
FΦ′′
(n,n) = e−2y
(
44.− 140.y + 170.y2 − 110.y3 + 36.y4 − 6.8y5 + 0.74y6 − 0.042y7 + 0.00095y8)
FM,Φ′′
(p,p) = e−2y
(−730.+ 2200.y − 2500.y2 + 1500.y3 − 450.y4 + 76.y5 − 6.4y6 + 0.21y7)
FM,Φ′′
(p,n) = e−2y
(−360.+ 1200.y − 1600.y2 + 1100.y3 − 390.y4 + 81.y5 − 9.5y6 + 0.57y7 − 0.014y8)
FM,Φ′′
(n,p) = e−2y
(−1000.+ 3300.y − 4200.y2 + 2700.y3 − 940.y4 + 180.y5 − 19.y6 + 0.85y7 − 0.0058y8)
FM,Φ′′
(n,n) = e−2y
(−490.+ 1800.y − 2600.y2 + 1900.y3 − 780.y4 + 190.y5 − 25.y6 + 1.9y7 − 0.060y8
+0.00038y9
)
(82)
130Xe:
FM
(p,p) = e−2y
(
2900.− 11000.y + 15000.y2 − 10000.y3 + 4100.y4 − 910.y5 + 110.y6 − 7.0y7 + 0.17y8)
FM
(p,n) = e−2y
(
4100.− 16000.y + 25000.y2 − 19000.y3 + 8600.y4 − 2200.y5 + 330.y6 − 26.y7 + 0.91y8
−0.0076y9)
FM
(n,n) = e−2y
(
5800.− 24000.y + 41000.y2 − 36000.y3 + 18000.y4 − 5200.y5 + 910.y6 − 89.y7 + 4.2y8
−0.068y9 + 0.00034y10)
FΦ′′
(p,p) = e−2y
(
150.− 370.y + 330.y2 − 150.y3 + 34.y4 − 3.8y5 + 0.17y6)
FΦ′′
(p,n) = e−2y
(
120.− 350.y + 370.y2 − 190.y3 + 54.y4 − 8.2y5 + 0.63y6 − 0.019y7)
FΦ′′
(n,n) = e−2y
(
100.− 320.y + 390.y2 − 240.y3 + 80.y4 − 15.y5 + 1.7y6 − 0.094y7 + 0.0021y8)
FM,Φ′′
(p,p) = e−2y
(−670.+ 2000.y − 2300.y2 + 1300.y3 − 400.y4 + 65.y5 − 5.4y6 + 0.17y7)
FM,Φ′′
(p,n) = e−2y
(−540.+ 1800.y − 2400.y2 + 1600.y3 − 580.y4 + 120.y5 − 14.y6 + 0.81y7 − 0.019y8)
FM,Φ′′
(n,p) = e−2y
(−940.+ 3100.y − 4000.y2 + 2500.y3 − 900.y4 + 180.y5 − 18.y6 + 0.84y7 − 0.0075y8)
FM,Φ′′
(n,n) = e−2y
(−760.+ 2800.y − 4100.y2 + 3000.y3 − 1200.y4 + 300.y5 − 41.y6 + 3.1y7 − 0.10y8
+0.00085y9
)
(83)
132Xe:
FM
(p,p) = e−2y
(
2900.− 11000.y + 15000.y2 − 10000.y3 + 4000.y4 − 880.y5 + 110.y6 − 6.4y7 + 0.15y8)
FM
(p,n) = e−2y
(
4200.− 17000.y + 26000.y2 − 20000.y3 + 9000.y4 − 2300.y5 + 340.y6 − 27.y7 + 0.98y8
41
−0.0095y9)
FM
(n,n) = e−2y
(
6100.− 26000.y + 44000.y2 − 39000.y3 + 20000.y4 − 5900.y5 + 1000.y6 − 100.y7 + 5.3y8
−0.099y9 + 0.00061y10)
FΦ′′
(p,p) = e−2y
(
130.− 320.y + 290.y2 − 130.y3 + 29.y4 − 3.2y5 + 0.14y6)
FΦ′′
(p,n) = e−2y
(
150.− 430.y + 460.y2 − 240.y3 + 67.y4 − 10.y5 + 0.77y6 − 0.023y7)
FΦ′′
(n,n) = e−2y
(
180.− 570.y + 700.y2 − 430.y3 + 140.y4 − 27.y5 + 3.0y6 − 0.17y7 + 0.0038y8)
FM,Φ′′
(p,p) = e−2y
(−620.+ 1900.y − 2100.y2 + 1200.y3 − 360.y4 + 59.y5 − 4.7y6 + 0.14y7)
FM,Φ′′
(p,n) = e−2y
(−720.+ 2400.y − 3200.y2 + 2100.y3 − 760.y4 + 160.y5 − 18.y6 + 1.0y7 − 0.024y8)
FM,Φ′′
(n,p) = e−2y
(−900.+ 3000.y − 3800.y2 + 2500.y3 − 880.y4 + 170.y5 − 18.y6 + 0.85y7 − 0.0092y8)
FM,Φ′′
(n,n) = e−2y
(−1000.+ 3900.y − 5700.y2 + 4200.y3 − 1700.y4 + 420.y5 − 59.y6 + 4.5y7 − 0.16y8
+0.0015y9
)
(84)
134Xe:
FM
(p,p) = e−2y
(
2900.− 11000.y + 15000.y2 − 10000.y3 + 3700.y4 − 770.y5 + 85.y6 − 4.5y7 + 0.098y8
−0.00028y9)
FM
(p,n) = e−2y
(
4300.− 17000.y + 27000.y2 − 21000.y3 + 9200.y4 − 2300.y5 + 340.y6 − 26.y7 + 0.93y8
−0.011y9)
FM
(n,n) = e−2y
(
6400.− 28000.y + 48000.y2 − 43000.y3 + 22000.y4 − 6600.y5 + 1200.y6 − 120.y7 + 6.6y8
−0.15y9 + 0.0012y10)
FΦ′′
(p,p) = e−2y
(
80.− 190.y + 180.y2 − 77.y3 + 17.y4 − 1.9y5 + 0.085y6 − 0.00064y7)
FΦ′′
(p,n) = e−2y
(
180.− 490.y + 520.y2 − 270.y3 + 75.y4 − 11.y5 + 0.85y6 − 0.026y7)
FΦ′′
(n,n) = e−2y
(
380.− 1200.y + 1500.y2 − 910.y3 + 310.y4 − 59.y5 + 6.3y6 − 0.35y7 + 0.0075y8)
FM,Φ′′
(p,p) = e−2y
(−480.+ 1500.y − 1700.y2 + 920.y3 − 270.y4 + 41.y5 − 3.1y6 + 0.094y7 − 0.00047y8)
FM,Φ′′
(p,n) = e−2y
(−1100.+ 3600.y − 4700.y2 + 3000.y3 − 1100.y4 + 210.y5 − 23.y6 + 1.3y7 − 0.027y8)
FM,Φ′′
(n,p) = e−2y
(−720.+ 2400.y − 3100.y2 + 2000.y3 − 720.y4 + 140.y5 − 15.y6 + 0.75y7 − 0.012y8)
FM,Φ′′
(n,n) = e−2y
(−1600.+ 5900.y − 8700.y2 + 6500.y3 − 2700.y4 + 660.y5 − 92.y6 + 7.1y7 − 0.26y8
+0.0030y9
)
(85)
136Xe:
FM
(p,p) = e−2y
(
2900.− 11000.y + 15000.y2 − 10000.y3 + 3700.y4 − 770.y5 + 85.y6 − 4.5y7 + 0.097y8
−0.00028y9)
FM
(p,n) = e−2y
(
4400.− 18000.y + 28000.y2 − 22000.y3 + 9700.y4 − 2500.y5 + 360.y6 − 28.y7 + 1.0y8
−0.012y9)
42
FM
(n,n) = e−2y
(
6700.− 30000.y + 51000.y2 − 46000.y3 + 24000.y4 − 7300.y5 + 1300.y6 − 140.y7 + 7.6y8
−0.17y9 + 0.0014y10)
FΦ′′
(p,p) = e−2y
(
81.− 200.y + 180.y2 − 78.y3 + 17.y4 − 1.9y5 + 0.088y6 − 0.00065y7)
FΦ′′
(p,n) = e−2y
(
180.− 510.y + 540.y2 − 280.y3 + 78.y4 − 12.y5 + 0.90y6 − 0.028y7 + 0.00011y8)
FΦ′′
(n,n) = e−2y
(
400.− 1300.y + 1600.y2 − 960.y3 + 320.y4 − 62.y5 + 6.7y6 − 0.38y7 + 0.0085y8)
FM,Φ′′
(p,p) = e−2y
(−490.+ 1500.y − 1700.y2 + 930.y3 − 270.y4 + 42.y5 − 3.2y6 + 0.095y7 − 0.00048y8)
FM,Φ′′
(p,n) = e−2y
(−1100.+ 3700.y − 4800.y2 + 3100.y3 − 1100.y4 + 220.y5 − 24.y6 + 1.3y7 − 0.029y8)
FM,Φ′′
(n,p) = e−2y
(−740.+ 2500.y − 3300.y2 + 2100.y3 − 760.y4 + 150.y5 − 16.y6 + 0.82y7 − 0.013y8)
FM,Φ′′
(n,n) = e−2y
(−1600.+ 6200.y − 9200.y2 + 6900.y3 − 2900.y4 + 710.y5 − 100.y6 + 7.8y7 − 0.29y8
+0.0034y9
)
(86)
129Xe:
FM
(p,p) = e−2y
(
2900.− 11000.y + 15000.y2 − 10000.y3 + 3900.y4 − 840.y5 + 98.y6 − 5.6y7 + 0.12y8)
FM
(p,n) = e−2y
(
4000.− 16000.y + 24000.y2 − 19000.y3 + 8200.y4 − 2100.y5 + 300.y6 − 23.y7 + 0.77y8
−0.0065y9)
FM
(n,n) = e−2y
(
5600.− 24000.y + 39000.y2 − 34000.y3 + 17000.y4 − 4900.y5 + 850.y6 − 82.y7 + 3.9y8
−0.065y9 + 0.00034y10)
FΣ′
(p,p) = e−2y
(
0.00042− 0.0019y + 0.0065y2 − 0.012y3 + 0.017y4 − 0.012y5 + 0.0041y6 − 0.00063y7)
FΣ′
(p,n) = e−2y
(
0.014− 0.080y + 0.23y2 − 0.41y3 + 0.43y4 − 0.24y5 + 0.070y6 − 0.010y7 + 0.00058y8)
FΣ′
(n,n) = e−2y
(
0.49− 3.3y + 8.8y2 − 12.y3 + 9.8y4 − 4.5y5 + 1.2y6 − 0.16y7 + 0.010y8)
FΣ′′
(p,p) = e−2y
(
0.00021− 0.0015y + 0.0043y2 − 0.0063y3 + 0.0049y4 − 0.0020y5 + 0.00042y6)
FΣ′′
(p,n) = e−2y
(
0.0072− 0.038y + 0.082y2 − 0.097y3 + 0.068y4 − 0.027y5 + 0.0061y6 − 0.00073y7)
FΣ′′
(n,n) = e−2y
(
0.25− 0.84y + 1.4y2 − 1.5y3 + 0.94y4 − 0.37y5 + 0.089y6 − 0.012y7 + 0.00076y8)
F∆
(p,p) = e−2y
(
0.038− 0.090y + 0.091y2 − 0.048y3 + 0.014y4 − 0.0021y5 + 0.00012y6)
F∆
(p,n) = e−2y
(−0.0041− 0.012y + 0.012y2 + 0.00056y3 − 0.0032y4 + 0.00062y5)
F∆
(n,n) = e−2y
(
0.00046 + 0.0038y + 0.0091y2 + 0.0054y3 − 0.00062y5)
FΦ′′
(p,p) = e−2y
(
130.− 300.y + 280.y2 − 130.y3 + 30.y4 − 3.5y5 + 0.16y6)
FΦ′′
(p,n) = e−2y
(
120.− 330.y + 360.y2 − 190.y3 + 55.y4 − 8.4y5 + 0.64y6 − 0.019y7)
FΦ′′
(n,n) = e−2y
(
120.− 360.y + 440.y2 − 270.y3 + 93.y4 − 18.y5 + 1.9y6 − 0.10y7 + 0.0021y8)
FM,Φ′′
(p,p) = e−2y
(−610.+ 1800.y − 2100.y2 + 1200.y3 − 360.y4 + 59.y5 − 4.8y6 + 0.14y7)
FM,Φ′′
(p,n) = e−2y
(−580.+ 2000.y − 2600.y2 + 1700.y3 − 600.y4 + 120.y5 − 14.y6 + 0.76y7 − 0.016y8)
FM,Φ′′
(n,p) = e−2y
(−840.+ 2800.y − 3500.y2 + 2300.y3 − 810.y4 + 160.y5 − 17.y6 + 0.78y7 − 0.0074y8)
FM,Φ′′
(n,n) = e−2y
(−800.+ 3000.y − 4300.y2 + 3100.y3 − 1300.y4 + 310.y5 − 42.y6 + 3.1y7 − 0.10y8
+0.00085y9
)
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FΣ′,∆
(p,p) = e−2y
(−0.0040 + 0.014y − 0.033y2 + 0.040y3 − 0.024y4 + 0.0076y5 − 0.0011y6)
FΣ′,∆
(p,n) = e−2y
(
0.00044 + 0.00083y − 0.0010y2 + 0.0067y3 − 0.00090y4 − 0.0018y5 + 0.00037y6)
FΣ′,∆
(n,p) = e−2y
(−0.14 + 0.61y − 1.1y2 + 0.95y3 − 0.47y4 + 0.13y5 − 0.019y6 + 0.0011y7)
FΣ′,∆
(n,n) = e−2y
(
0.015 + 0.012y − 0.13y2 + 0.11y3 + 0.018y4 − 0.030y5 + 0.0050y6 + 0.00051y7
−0.00012y8)
131Xe:
FM
(p,p) = e−2y
(
2900.− 11000.y + 15000.y2 − 10000.y3 + 3800.y4 − 810.y5 + 92.y6 − 5.1y7 + 0.11y8)
FM
(p,n) = e−2y
(
4200.− 16000.y + 25000.y2 − 20000.y3 + 8600.y4 − 2200.y5 + 310.y6 − 24.y7 + 0.83y8
−0.0082y9)
FM
(n,n) = e−2y
(
5900.− 25000.y + 43000.y2 − 37000.y3 + 19000.y4 − 5500.y5 + 980.y6 − 97.y7 + 4.9y8
−0.096y9 + 0.00061y10)
FΣ′
(p,p) = e−2y
(
0.00012− 0.00089y + 0.0015y2 + 0.0015y3 − 0.00069y4 − 0.0012y5 + 0.00080y6
−0.00016y7)
FΣ′
(p,n) = e−2y
(
0.0045− 0.039y + 0.095y2 − 0.038y3 − 0.077y4 + 0.087y5 − 0.035y6 + 0.0059y7
−0.00035y8)
FΣ′
(n,n) = e−2y
(
0.18− 1.6y + 5.8y2 − 9.7y3 + 9.1y4 − 4.9y5 + 1.4y6 − 0.21y7 + 0.012y8)
FΣ′′
(p,p) = e−2y
(
0.00013y2 − 0.00062y3 + 0.00088y4 − 0.00053y5 + 0.00015y6)
FΣ′′
(p,n) = e−2y
(
0.0023 + 0.0032y − 0.011y2 − 0.00077y3 + 0.019y4 − 0.018y5 + 0.0066y6 − 0.0011y7)
FΣ′′
(n,n) = e−2y
(
0.088 + 0.30y − 0.23y2 − 0.47y3 + 1.2y4 − 1.1y5 + 0.44y6 − 0.086y7 + 0.0067y8)
F∆
(p,p) = e−2y
(
0.022− 0.054y + 0.053y2 − 0.026y3 + 0.0071y4 − 0.00098y5)
F∆
(p,n) = e−2y
(
0.11− 0.28y + 0.31y2 − 0.19y3 + 0.062y4 − 0.010y5 + 0.00073y6)
F∆
(n,n) = e−2y
(
0.56− 1.4y + 1.8y2 − 1.3y3 + 0.51y4 − 0.11y5 + 0.0097y6 − 0.00015y7)
FΦ′′
(p,p) = e−2y
(
100.− 250.y + 230.y2 − 100.y3 + 24.y4 − 2.7y5 + 0.12y6)
FΦ′′
(p,n) = e−2y
(
150.− 400.y + 430.y2 − 230.y3 + 64.y4 − 9.9y5 + 0.75y6 − 0.022y7)
FΦ′′
(n,n) = e−2y
(
200.− 640.y + 780.y2 − 480.y3 + 160.y4 − 31.y5 + 3.3y6 − 0.18y7 + 0.0038y8)
FM,Φ′′
(p,p) = e−2y
(−550.+ 1700.y − 1900.y2 + 1100.y3 − 320.y4 + 51.y5 − 4.0y6 + 0.11y7)
FM,Φ′′
(p,n) = e−2y
(−770.+ 2600.y − 3400.y2 + 2200.y3 − 790.y4 + 160.y5 − 17.y6 + 0.96y7 − 0.021y8)
FM,Φ′′
(n,p) = e−2y
(−790.+ 2600.y − 3400.y2 + 2200.y3 − 770.y4 + 150.y5 − 16.y6 + 0.77y7 − 0.0086y8)
FM,Φ′′
(n,n) = e−2y
(−1100.+ 4100.y − 5900.y2 + 4400.y3 − 1800.y4 + 440.y5 − 61.y6 + 4.5y7 − 0.16y8
+0.0015y9
)
FΣ′,∆
(p,p) = e−2y
(
0.0016− 0.0081y + 0.0047y2 + 0.0049y3 − 0.0061y4 + 0.0023y5 − 0.00039y6)
FΣ′,∆
(p,n) = e−2y
(
0.0080− 0.041y + 0.027y2 + 0.020y3 − 0.038y4 + 0.020y5 − 0.0042y6 + 0.00032y7)
FΣ′,∆
(n,p) = e−2y
(
0.063− 0.37y + 0.72y2 − 0.68y3 + 0.35y4 − 0.098y5 + 0.014y6 − 0.00077y7)
FΣ′,∆
(n,n) = e−2y
(
0.31− 1.9y + 3.8y2 − 4.1y3 + 2.5y4 − 0.87y5 + 0.15y6 − 0.011y7)
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B Bound State Scattering Amplitudes: Momentum Space
The calculation of scattering matrix elements for dark matter off of atomic nuclei starting with
the nucleon-level Lagrangian is in general a complicated and difficult calculation, involving
contributions from many different spin configurations of a multi-body system. However, in
practice, at the end of the day most amplitudes depend on the complicated nucleus state
through only a handful of quantities, such as the total atomic number, charge distribution,
average nucleon spin, etc. The calculation of matrix elements for scattering of atomic nuclei
in terms of these macroscopic quantities is a fairly straightforward application of quantum
mechanics of bound states, which we now discuss. In the body of the paper, we have worked
mostly with a partial wave basis of operators and a nuclear shell mode basis of states, which
has several advantages. However, there are some advantages of a momentum-space basis for
the nuclei as bound states of nucleons, not least of which is the fact that such a basis is more
familiar in particle physics. Thus, it is somewhat simpler to make connection with standard
formula for field operators and matrix elements. Furthermore, it is typically easier to separate
out the center-of-mass motion of the nucleus in such a basis, which can make couplings to
the coherent motion of nucleus easier to identify.
Our starting point is the expression for the target non-relativistic bound state at rest:
|T (0)〉 = √2mT
∑
s,s′
∫
d3k
(2pi)3
ψs,s′(k)
1√
2m12m2
|k, s;−k, s′〉. (87)
For simplicity, we are considering the bound state to be made of two particles, of mass m1
and m2, and the total target mass mT is approximately m1 + m2, up to a relatively small
binding energy. The generalization to more particles is straightforward and in fact not very
different from focusing on one constituent at a time and grouping the remaining constituents
into a second much bigger constituent. The dependence on and sum over spins s, s′ of the
constituents will be left implicit from now on. The expression for the bound state |T (kout)〉
with non-vanishing momentum kout is obtained simply by shifting the velocity by v = kout/mT :
|T (kout)〉 =
√
2mT
∫
d3kd3r
(2pi)3
eik·rψ(r)
1√
2m12m2
|k +m1v,−k +m2v〉, (88)
where we are using the same symbol ψ for the wavefunction and its Fourier transform.
Scattering matrix elements can be computed by evaluating matrix elements of interactions
on the states |T (k′)〉 constructed above. Our primary concern will be to understand contri-
butions to v from the internal motions of the nucleus, so we will consider the example where
we are calculating matrix elements of the operator ~v⊥N−N+(y). 3 Since we are dealing with
non-relativistic physics, we have separated out the field operator N(y) into its positive- and
3 In order for the interaction to satisfy Galilean invariance, it is important that ~v⊥ in the Lagrangian is an
operator that acts non-trivially on the fields N±, so that it gets contributions not only from the nucleus center-
of-mass velocities vin, vout, but also from the internal momenta k, k
′ of the nucleon states |k+m1v〉, |−k+m2v〉
within the nucleus. Explicitly, v⊥N−N+ = i 12mN (N
−∂N+ − ∂N−N+).
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negative-frequency parts. They satisfy [N−(y), a†N(k)] = 0, [N
−(y), aN(k)] = − 1√2mN e−ik·y,
and similarly for N+ = N−†. Let us take particle 2 to be N , and particle 1 to be some other
particle. Then,
〈T (kin)|~v⊥N−N+(y)|T (kout)〉 = 2mT
∫
d3kd3k′d3rd3r′
2m12mN
eik·r+i(−k+mNvout)·yψ(r)e−ik
′·r′+i(k′−mNvin)·yψ∗(r′)
×(k
′ + k
mN
− (vin + vout))2m1δ(3)((k +m1vout)− (k′ +m1vin)). (89)
The δ-function inside the integrand imposes the relation k − k′ = m1(vin − vout), so
k − k′ +mN(vin − vout) = (m1 +mN)(vin − vout) ≈ mT (vin − vout) ≈ kin − kout = q, (90)
where the approximation m1 +mN ≈ mT is valid as long as the binding energy of the bound
state is small. Then, making the following change of variables,
k = 1
2
(k˜ + m1
mT
q), k′ = 1
2
(k˜ − m1
mT
q), r − r′ = x, r+r′
2
= X, (91)
the scattering matrix element reduces to
〈T (kin)|~v⊥N−N+(y)|T (kout)〉 = −1
mN
eiq·y
∫
1
8
d3k˜d3xd3Xe
ik˜·x
2
+iq
m1
mT
·X
×
(
mT (vin + vout)ψ
∗(X − x
2
)ψ(X +
x
2
)− imT
mN
ψ∗(X − x
2
)2
↔
∂Xψ(X +
x
2
)
)
.
(92)
By integration by parts, we have traded a k˜ for a derivative with respect to x, which is then an
asymmetric derivative
↔
∂X =
1
2
(
←
∂X−→∂X) with respect to X acting on the wavefunctions. Doing
the d3k˜ and d3x integration is now trivial. We can further simplify the expression by making
the approximation mN  m1 ∼ mT , which is accurate to about O(mN/mT ) ∼ O(1/Z) for
our physical cases of interest. Defining the density ρ(X) = ψ∗(X)ψ(X), we have
〈T (kin)|~v⊥N−N+(y)|T (kout)〉 = (93)
−eiq·y
mN
(
mT (vin + vout)
∫
d3Xeiq·Xρ(X)− imT
mN
∫
d3Xeiq·Xψ∗(X)2
↔
∂Xψ(X)
)
,
The first term is recognized as just the bound state momentum times a form factor
mT (~vin + ~vout)
∫
d3Xeiq·Xρ(X) = ~KTF (q2), (94)
which reproduces the well-known fact that the form factor in the spin-independent case is
the Fourier transform of the density. The second term is more complicated, and can be
evaluated in an expansion in small momentum transfer q. Let us define the probability current
~J ≡ ψ∗(X)2↔∂Xψ(X). This is conserved ∂iJi = 0, and as a consequence J i = ∂j(X iJ j) is a
total derivative and therefore its spatial average vanishes. So, at q = 0, we get no contribution
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from J i. The leading non-vanishing term in the small q expansion is ∼ ∫ d3XiqiX iJ j. First,
note that X(iJ j) = 1
2
∂k(X
iXjJk) is a total derivative, which must have vanishing spatial
average, so
∫
d3XX iJ j is anti-symmetric in its indices. Consequently,
mT
mN
qi
∫
d3XX iJ j = i
mT
mN
qiijk
∫
d3Xψ∗(X)(X × p)kψ(X) = imT
mN
qiLkN
ijk. (95)
We thus have for the full matrix element that
〈T (kin)|v⊥iN−N+(y)|T (kout)〉 = −e
iq·y
mN
(
mT (v
i
in + v
i
out)F (q
2) + i
mT
mN
ijkLjNq
kS(q2)
)
, (96)
where S(q2) is some form factor encoding the remaining subleading q2 dependence. The
coefficient mT
mN
of the final term is the effective A enhancement factor discussed in the body
of the paper. In the relevant case of atomic nuclei, where many N particles are present in
the bound state, this amplitude should be summed over all such particles. This results in an
additional coherence factor for the first (spin-independent) term, and sends LN → 〈LN〉 for
the second (spin-dependent) term.
C Non-relativistic Matching
Let us reduce the full set of relativistic operators into non-relativistic form. For this purpose,
we will label the incoming(outgoing) momentum of the dark matter χ to be pµ(p′µ), and the
incoming (outgoing) momentum of the nucleon N to be kµ(k′µ). The momentum transfer q is
defined to be qµ = p′µ − pµ = k′µ − kµ. We will also define P µ = pµ + p′µ and Kµ = kµ + k′µ.
The velocity ~v = ~vχ,in − ~vN,in = ~pmχ −
~k
mN
= − ~q
2µN
+
~P
2mχ
− ~K
2mN
is defined so that it is a
kinematic invariant (µN is the reduced dark-matter-nucleon mass). Since there are 2 scalar
operators (χ¯χ and χ¯γ5χ) and 4 vector operators (P µχ¯χ, P µχ¯γ5χ, χ¯iσµνqνχ, and χ¯γ
µγ5χ),
there are 22 + 42 = 20 possible combinations of operators:
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χ¯χN¯N 4mχmN1χ1N 4mχmNO1
iχ¯χN¯γ5N −4mχiq · SN −4mχO10
iχ¯γ5χN¯N 4mN iq · Sχ 4mNO11
χ¯γ5χN¯γ5N −4q · Sχq · SN −4O6
P µχ¯χKµN¯N (4mχmN)
21χ1N (4mχmN)
2O1
P µχ¯χN¯iσµαq
αN −(4m2χ)q2 + 16mNm2χiv⊥ · (q × SN) −4m2χq2O1 − 16mNm2χO3
P µχ¯χN¯γµγ
5N −16mNm2χv⊥ · SN −16mNm2χO7
iP µχ¯χKµN¯γ
5N −16m2χmN iq · SN −16m2χmNO10
χ¯iσµνqνχKµN¯N (2mN)
2q2 − 16m2Nmχiv⊥ · (q × Sχ) 4m2Nq2O1 + 16m2NmχO5
χ¯iσµνqνχN¯iσµαq
αN 16mχmN(q × Sχ) · (q × SN) 16mNmχ(q2O4 −O6)
χ¯iσµνqνχN¯γ
µγ5N 16mNmχiSN · (q × Sχ) −16mNmχO9
iχ¯iσµνqνχKµN¯γ
5N 4mN(−q2 + 4mχiv⊥ · (q × Sχ))iq · SN 4mNO10(−q2 − 4mχO5)
χ¯γµγ5χKµN¯N 16m
2
Nmχv
⊥ · Sχ 16m2NmχO8
χ¯γµγ5χN¯iσµαq
αN 16mχmN iSχ · (q × SN) 16mχmNO9
χ¯γµγ5χN¯γµγ5N −16mNmχSχ · SN −16mNmχO4
iχ¯γµγ5χKµN¯γ5N −16mχmNv⊥ · Sχiq · SN −16mχmNO10O8
iP µχ¯γ5χKµN¯N 16m
2
Nmχiq · Sχ 16m2NmχO11
iP µχ¯γ5χN¯iσµαq
αN (4mχ)(iq · Sχ)(−q2 + 4mN iv⊥ · (q × SN)) 4mχO11(−q2 − 4mNO3)
iP µχ¯γ5χN¯γµγ
5N −16mχmN(iq · Sχ)v⊥ · SN −16mχmNO11O7
P µχ¯γ5χKµN¯γ
5N −16mNmχq · Sχq · SN −16mNmχO6
Many combinations have not been included since they are equivalent by the equations of
motion, and the above terms tend to give simpler non-relativistic pieces. The most commonly
used such combination is the vector interaction γµ, which can be written in terms of the above
by using the Gordon identity:
N¯γµN =
1
2mN
N¯ (Kµ + iσµνqν)N. (97)
Note that every non-relativistic operator occurs in the above table, except for O2, which
appear if there are cancellations in the leading pieces, for instance through the linear combi-
nation (4mNmχχ¯χN¯N − P µχ¯χKµN¯N).
D Single-particle Operators
Four of the six operators introduced in section 3 are familiar from standard treatments of
semi-leptonic electroweak interactions [17, 18], MJM(q~x), ∆JM(q~x), Σ
′
JM(q~x), and Σ
′′
JM(q~x).
The matrix elements of these operators between single-particle harmonic oscillator states, the
most common basis for nuclear physics calculations, can be evaluated analytically, yielding
explicit forms for the nuclear form factors governing DM scattering. A Mathematica script
[25] and tables [18] are available. The remaining two operators are a symmetrized form of Φ′JM
and Φ′′JM , operators originally introduced by Serot [19] in his treatment of 1/M
2 corrections
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to currents and charges. (Operators that differ from their standard forms because of sym-
metrization are denoted here by a tilde. The underlying currents from which these operators
are derived have a simple behavior under exchange of bra and ket that, unfortunately, is some-
times lost in the conventional definitions of the weak nuclear operators. The re-definitions
used here simply restore that symmetry, which is important in dividing elastic operators
into those that either break or preserve time-reversal invariance.) The single-nucleon matrix
elements of these operators are real, with the conventions of [18], and transform as follows
〈n(l 1/2)j||OˆJ ||n′(l′ 1/2)j′〉 = (−1)j′−j〈n′(l′ 1/2)j′||OˆJ ||n(l 1/2)j〉, Oˆ = M, ∆, Σ′, Σ′′, Φ˜′, Φ′′
(98)
where n, l, s = 1/2, and j are the nodal quantum number, orbital angular momentum,
spin, and total angular momentum of the nucleon state. This interchange property is related
to the time-reversal character of the operator, as we discuss below. A Mathematica script,
generalized from [25], to evaluate harmonic oscillator matrix elements of these and all other
operators discussed in this appendix is available from the authors.
D.1 Matrix Elements and the One-body Density Matrix
Here we address the evaluation of the nuclear matrix elements, including their isospin de-
pendence and the restrictions imposed by time reversal and parity. We represent operators
as aIOˆ
I
J , where aI is the overall coupling strength. All nuclear matrix elements appearing in
the final results of section 3 are singly reduced – reduced in angular momentum only. Thus
making the suppressed isospin now explicit, and assuming that the nuclear ground state has
good isospin (thus ignoring charge symmetry breaking)
〈Ji;TiMTi ||
A∑
i=1
aIOˆJ(i) || Ji;TiMTi〉 ≡ 〈Ji;TiMTi ||
A∑
i=1
(aT=0I + a
T=1
I τ3(i)) Oˆ
I
J(i) || Ji;TiMTi〉
=
aT=0I
[Ti]
〈Ji;Ti ......
A∑
i=1
OˆIJ(i)
...
... Ji;Ti〉+ a
T=1
I
[Ti]
MTi√
Ti(Ti + 1)
〈Ji;Ti ......
A∑
i=1
OˆIJ(i)τ(i)
...
... Ji;TiMTi〉 (99)
where
...
... denotes a many-body matrix element reduced in both angular momentum and isospin.
If the operator OIJ is a one-body operator, then
〈Ji;Ti ......
A∑
i=1
OˆIJ(i)
...
... Ji;Ti〉 =
∑
|α|,|β|
ΨJ ;T=0i;i (|α|, |β|) 〈|α|
...
...OˆJ
...
... |β|〉
=
√
2
∑
|α|,|β|
ΨJ ;T=0i;i (|α|, |β|) 〈|α| ||OˆJ || |β|〉
〈Ji;Ti ......
A∑
i=1
OˆIJ(i)τ(i)
...
... Ji;Ti〉 =
∑
|α|,|β|
ΨJ ;T=1i;i (|α|, |β|) 〈|α|
...
...OˆJτ
...
... |β|〉
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=
√
6
∑
|α|,|β|
ΨJ ;T=1i,i (|α|, |β|) 〈|α| ||OˆJ || |β|〉
(100)
where 〈|α| ||OˆJ || |β|〉 and 〈|α| ......OˆJτ ...... |β|〉 represent single-particle space/spin matrix elements
reduced in angular momentum and space/spin/isospin matrix elements reduced in both an-
gular momentum and isospin. The one-body density matrix coefficients ΨJ ;Tf ;i (|α|, |β|) are
labeled by the transition i→ f , angular momentum J and isospin T carried by the transition
operator, and by the nonmagnetic single-particle quantum numbers |α| and |β|. (That is,
β = {n, l, j,mj} for a space/spin matrix element or {n, l, j,mj,mt} for a space/spin/isospin
matrix element, while |β| = {n, l, j}.) The sums extend over a complete set of single-particle
matrix elements. Equation (100) is exact for a one-body operator, regardless of the com-
plexity of the many-body wave functions. It factors the many-body matrix element of such
an operator into a sum single-particle matrix elements multiplying numerical coefficients, the
density matrix. All of the operator physics is contained in the former, while all of the nuclear
structure physics is isolated in the latter.
The singly-reduced matrix elements 〈α||OˆJ ||β〉 needed for the present dark matter elastic
scattering can be conveniently evaluated for a harmonic oscillator single-particle basis, where
|β〉 = |n(l 1/2)jmj〉. The results can be evaluated analytically, producing form factors of the
form e−yp(y) where y = (qb/2)2, b is the oscillator parameter, and p(y) is a polynomial.
D.1.1 Symmetry constraints
The density matrix is defined in second-quantization as
ΨJ ;Tf ;i (|α|, |β|) =
1
[J ][T ]
〈Jf ;Tf ......
[
a†|α| ⊗ a˜|β|
]
J ;T
...
... Ji;Ti〉 (101)
where a˜|β|,mj ,mt ≡ (−1)jβ−mj+1/2−mta|β|,−mj ,−mt . With the conventions used here [17, 18] the
density matrix is real for parity- and time-reversal-symmetric interactions. Consequently, for
elastic transitions it follows that
ΨJ ;Ti;i (|α|, |β|) = ΨJ ;Ti;i (|β|, |α|)(−1)jα−jβ (102)
so that Eq. (100) can be rewritten as
〈Ji;Ti ......
A∑
i=1
OˆIJ(i)
...
... Ji;Ti〉 =
√
2
∑
|α|,|β|
ΨJ ;T=0i;i (|α|, |β|)
1
2
(
〈|α| ||OˆJ || |β|〉+ (−1)jα−jβ〈|β| ||OˆJ || |α|〉
)
〈Ji;Ti ......
A∑
i=1
OˆIJ(i)τ(i)
...
... Ji;Ti〉 =
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√
6
∑
|α|,|β|
ΨJ ;T=1i,i (|α|, |β|)
1
2
(
〈|α| ||OˆJ || |β|〉+ (−1)jα−jβ〈|β| ||OˆJ || |α|〉
)
(103)
Now all of the operators as conventionally defined for semi-leptonic weak interactions [17, 18,
19] have real matrix elements with [17, 18] phase conventions. The contributing operators
used here have been defined so that they operate symmetrically on bra and ket. Consequently
it can be shown that the single-particle matrix elements transform as [18]
〈|α| ||OˆJ || |β|〉 = (−1)λ〈|β| ||OˆJ || |α|〉 (104)
where λ is either jα + jβ or jα − jβ. This gives us the immediate result that the only
electroweak operators that can contribute to elastic transitions are those transforming with
λ = jα − jβ, which determines the subset of operators introduced at the beginning of this
appendix: MJ , ∆J , Σ
′
J , Σ
′′
J , Φ˜
′
J , and Φ
′′. If we consider the constraints of parity separately,
this set is further restricted to the even multipoles of MJ , Φ˜
′
J , and Φ
′′ and the odd multipoles
of Σ′J , Σ
′′
J , and Φ˜
′
J . This end result does not depend on conventions.
D.1.2 Nuclear structure
While in principle Eq. (100) is an exact expression for the many-body matrix elements
of the contributing operators, in practice, for the complex nuclei of interest to dark matter
experiments, the density matrix must be taken from a nuclear model. This entails a truncation
of the sums over |α| and |β| to some finite Hilbert space, e.g., the active valence shells of a shell
model, as well as the use of an effective interaction within that valence space, to correct the
bare nuclear Hamiltonian for the effects of the truncation. The field lacks exact techniques
for calculating the effective interaction or the corresponding corrections to the operators:
in practice, most work involves phenomenological adjustments. Some qualitative checks on
the resulting density matrix can be made by calculating observables other than dark matter
responses, such as electron scattering elastic charge and (if Ji ≥ 1/2) magnetic form factors
(or, in the long wavelength limit, the nuclear magnetic moment).
In the present study, the density matrices needed for the targets we considered came from
shell-model calculations employing moderately large bases and effective interactions that were
either determined from global fits to data or based on theoretical input, such as realistic g-
matrices, supplemented by empirically terms, adjusted to experiment. Potential tests of
these density matrices include observables such as charge and magnetic elastic form factors
and magnetic and quadrupole moments.
D.1.3 Non-recoil Contributions
The effective theory immediately identifies the Galilean-invariant operators, which in the
point nucleus limit define all responses connected with target recoil. As explained in section
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3, this leaves contributions associated with v⊥N , that is, connected with the intrinsic degrees of
freedom within the nucleus that would normally be described by introducing the (A-1) Jacobi
coordinates. Under the assumption that the dark matter couples to to nucleus through local
one-body interactions with the nucleons within the nucleus, the desired non-recoil intrinsic
operators can generally be derived. A specific example was given in section 3, where the
recoil and intrinsic components of the axial charge operator were explicitly identify. Similar
identifications are possible for all of the interactions where this separation should be done.
In fact, common practice is to avoid such a separation because the explicit intrinsic op-
erators tend to be far more complicated than their original one-body forms. Instead, the
separation is addressed through the nuclear wave functions. While the wave functions are
also evaluated in an over-complete basis consisting of single-particle Slater determinants, nu-
merical means are available to remove the center-of-mass motion in the harmonic oscillator
shell model. This is done by projecting out the center-of-mass motion by adding a large
multiple of the center-of-mass Hamiltonian to the interaction. The resulting wave functions
then have the center-of-mass in a 1s state: additional “copies” of intrinsic states where the
center-of-mass is in an excited state are “blown out.” This technique requires that calcula-
tion be done in separable bases: some of the calculations reported here were done in such
bases, but others required basis truncations that destroy the separability. Furthermore, even
if the separation is done exactly, the use of the one-body operator forms between such states
does not provide the exact non-recoil result. Although center-of-mass components in the
one-body operator cannot generate excitations, they do generate an unwanted center-of-mass
form factor.
In fact, all of these considerations are rather technical given other uncertainties in nuclear
wave functions. The identification of the Galilean-invariant recoil corrections – a trivial task
in the effective theory – is in most applications more important than whether the nuclear
physics calculations are done with operators that are precisely intrinsic. The discussion of
section 3 provided an illustrative example: the entire axial-charge contribution to the elastic
scattering of dark matter was due to v⊥T : there are no contributions from v
⊥
N due to the
combined constraints of time reversal invariance and parity.
D.2 Operators Needed for Inelastic DM Scattering
Certain target nuclei may have thresholds for exciting low-lying states that are sufficiently
low that dark matter interactions can be inelastic. The full scattering probability, analogous
to Eq. (41), will be presented elsewhere. The initial and final nuclear states are then distinct,
symmetry under time reversal no longer constrains operators or their multi-polarities (though
parity selection rules remain, depending on the definite parity of the final state, and are used in
some simplifications below). Here we point out, for those familiar with standard formulations
of semi-leptonic weak interactions, that a larger set of multipole operators must be defined,
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including the remaining three of the seven basic electroweak operators of [17, 18]
∆′JM(q~x) ≡ −i
{
1
q
~∇× ~MMJJ(q~x)
}
· 1
q
~∇
ΣJM(q~x) ≡ ~MMJJ(q~x) · ~σ
Ω˜JM(q~x) ≡ ΩJM(q~x) + 1
2
Σ′′JM(q~x) = MJM(q~x)~σ ·
1
q
~∇+ 1
2
{
1
q
~∇MJM(q~x)
}
· ~σ. (105)
(Note that the symmetrized operator Ω˜ is identical to Ω′ defined and tabulated in [18]. We
introduce the alternative notation to avoid confusion, as Ω′ is defined in [19] as another
operator. Here we consistently designate with a tilde all operators that require symmetrization
to restore a simple behavior of matrix elements under interchange of bra and ket.) In addition,
two symmetrized operators related to Serot’s ΦJM and ∆
′′
JM are also needed
Φ˜JM(q~x) ≡ ΦJM(q~x)− 1
2
Σ′JM(q~x) = i ~M
M
JJ(q~x) ·
(
~σ × 1
q
~∇
)
+
i
2
{
1
q
~∇× ~MMJJ(q~x)
}
· ~σ
∆˜′′JM(q~x) ≡ ∆′′JM(q~x)−
1
2
MJM(q~x) =
{
1
q
~∇MJM(q~x)
}
· 1
q
~∇− 1
2
MJM(q~x) (106)
The single-nucleon matrix elements of these operators are again real, under the conventions
of [18], but transform with a different sign from those needed for elastic DM scattering,
〈n(l 1/2)j||OˆJ ||n′(l′ 1/2)j′〉 = (−1)j′+j〈n′(l′ 1/2)j′||OˆJ ||n(l 1/2)j〉, Oˆ = ∆′, Σ, Ω˜, Φ˜, ∆˜′′.
(107)
This sign is related to operator behavior under time reversal, and thus is the reason that these
operators do not appear in our treatment of elastic DM interactions.
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